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Green’s Function Methods
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The Man, The Myth, The Legend...




Electronic Schrodinger Equation

Wave Function Theory

Hamiltonian Energy

H Y(ri,...,rv) = E ¥(n,...,m)

T Wave function T

kinetic external potential
H= T + We + Voo = [E=Er+Ew+E

electron repulsion



Reduced Quantities

Density Functional Theory

electron density

N/-~~/\Il*(r,...,rN)\I/(r,...,rN)drg~~~drN: n(r)

Wave Function Theory (WFT) ~ Density Functional Theory (DFT)

E=Er+ Ew+ Ey
X X v

Hohenberg & Kohn, Phys. Rev. 1964 (B864) 136



(Less) Reduced Quantities

Density Matrix Functional Theory

1st-order reduced density matrix

|
N/~~/\Il*(r,...,rN)\I/(r',...,rN)drg--~drN: m(r,r")

Wave Function Theory (WFT) ~ Reduced Density Matrix Functional Theory (RDMF)
E=Er+Ew+ Ev
v X v

Gilbert, Phys. Rev. B 12 (1975) 2111



One-Body Green’s Function: The Sweet Spot?

One-Body Propagator in the Time Domain

one-body Green's function time-ordering N-electron ground state

1 y
Glr,rit—t) =—i <\1/3V\ T {Q/S(rt) w(r’t’)] M>
rf

Field operators

B N
G(r,r';t —t') = 1<\I’(/i/|w (rt) 1/’ t')|wg') for t/> t’
+i \IIOW’T 't') ‘\I’o> for t'<t
o (TY|e(rt W t')|W() measures the propagation of an (electron branch)
° <\P(’)\I|¢T r't)p(rt !‘1/0> measures the propagation of a (hole branch)

Martin, Reining & Ceperley, “Interacting Electrons”



Lehmann Representation

One-Body Propagator in the Frequency Domain

G(r,r';w) = Z Z,(nNZ;(r) Jrz Ay ()AL (r')

N N—1 : N+1 N :
v w— (Eg —E)7") —in > w— (BN —EY) +in
A A
vth ionization potential (IP) vth electron affinity (EA)

Photoemission spectrum of water

Spectral function 12

Alw) = %/drdr'!lm G(r,r';w)|

Marie & Loos, JCTC 20 (2024) 4751
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Hedin’s Pentagon

Hedin’s Equations

(12) :60(12)+/G0(13) (34) G (42)d(34)
Green's function

I'(123) = §(12)5(13) /M (46) G (75)T(673)d(4567)
——

vertex

(12) :—i/ (13)[(342) ¢ (41)d(34)

polarizability
W(12) = v(12)+/v(13) (34) W(42)d(34)
~——
screening
Hedin, Phys. Rev. 139 (1965) A796 xc(12) = i/ (14)W(13)I'(423)d(34)
N——

self-energy



Hedin’s Square

Hedin, Phys. Rev. 139 (1965) A796

The GW Approximation

(12) = GO(12)+/GO(13) (34) G (42)d(34)
I'(123) = §(12)6(13)

vertex

(12) = —iG(12)G(21)
polarizability

W(12) = v(12)+/v(13) (34) W (42)d(34)
screening

«(12) = iG(12)W(12)

self-energy

Golze et al. Front. Chem. 7 (2019) 377; Marie et al. Adv. Quantum Chem. 90 (2024) 157



Self-Energy

Self-Energy as a Function of the Bare Coulomb Operator

= —iv(12;1'2)G(2'2) + = (12;3'2")G(3'3)G(4'2)G(2'4)w(34;1'4") +. ..

[N

first-order terms second-order terms

Diagrammatic Representation

Q+Q+r<>r+ T e

z-

11



Hedin’s Equations

GW Approximation

Hedin, Phys. Rev. 139 (1965) A796

pp T-matrix Approximation

Marie, Romaniello & Loos, PRB 110 (2024) 115155

* e
.



How to Compute G?

The Dyson Equation

mean-field propagator

{

G(11") = Go(11") +/d(22’) Go(12) 3(22') G(2'1")

4 1 —
one-body Green's function self-energy
G '(11) =G (1) -
Quasi-Particle Equation
self-energy Dyson orbitals
[ Ho + % (w= ‘p)} Yp(x) = € Yp(x) ,

$
mean-field Hamiltonian poles of the Green's function




Two-Body Green’s Function

Two-Body Propagator in the Time Domain

G:(12;1'2) = (—i)*(wd

T[9@9' @)W We' )] wd)
Propagation of electron-hole pairs (t;; > t; and ty > t2)

65 (12:1'2) = (i) (W8] &' ()PP @)9(2) + ' @)W @$ (1)d(1) | wd)
Propagation of electron-electron and hole-hole pairs (t;; > to and t; > t)

5)

$1 ) @) o)

G (12;1'2) = (=) (W] b()P@d' (119 @)

Gih(12:1'2") = (=i)? <\Il()

14



The Electron-Hole Channel

Electron-Hole Correlation Function

L(12;1'2") = —G»(12;1'2") + G(11")G(22")

LIDV(I’QI’Q/)RLV(ﬁrl/) - Z Lﬁ’(rgrgz)RLV(rlrlf)

vsow—(EN —E) —in) Sow—(E —E) +in)
1 Iy

vth (de)excitation energy

Electron-Hole Bethe-Salpeter Equation (eh-BSE)

= Lo(12; 1/2’)+/d(33’44/) Lo(13';1'3) E*"(34';3'4)
———
G(127)G(217) -

eh kernel

Strinati, Riv. Nuovo Cimento 11 (1988) 1; Blase et al. JPCL 11 (2020) 7371; Marie et al. JCP 162 (2025) 134105



Parquet Theory

Schwinger-Dyson Relationship

G'a1) =Gytar) —
»(11) = —iv(12;3'2") G '(31)

Two-body Vertex

Full two-body vertex

e AL
= G(13)G(24) — G(14)G(23) — G(11')G(3'3) F (1'2';3'4")G(4'4)G(22")

SRR




Bethe-Salpeter Equations

F = Feh + Feh F
FJ

F| = %] +
F

F| = |ree| + |IPp F

17



Two-body Vertex

Parquet Decomposition

F(12;34) = A(12;34) + ®"(12;34) + &(12;34) + ™ (12; 34)

can be computed with Bethe-Salpeter equations

Irreducible vertex

De Dominicis & Martin, J. Math. Phys. 5 (1964) 14; ibid 5 (1964) 31
Bickers, “Self-consistent many-body theory for condensed matter systems” in Theoretical Methods for Strongly
Correlated Electrons (2004) 237



Parquet Algorithm

Self-Consistent Algorithm

F[@°" @°N 3PP

One-body (I)Eh [ G, Fe_h}
E[ F} self-consistency Q)Eh[G, Feh}
cycle q)pp[G’ Fpp}

G[2]

Parquet approximation
A = —iv
One-shot approximation

Static kernel
approximation for I



Parquet Algorithm

Self-Consistent Algorithm
Fl@°", &°, 9PP]
One-body (I)eh [ G, Feh} Two-body FEh[Cbehv (I)pp}

(I)ﬁ[ G7 I‘E} self-consistency FeT][ (I)eh’ (I)pp}
cycle BPP[G, FDD} cycle IPP| (I)Eh7 @ﬁ}

G[z}// \/

P [ lF ] self-consistency

Parquet approximation
A = —iv
One-shot approximation

Static kernel
approximation for I



Parquet Algorithm

Self-Consistent Algorithm

Floe", &°", @pp]\

One-body deh (G, Fi} Ty Feh[q)eh7 TP
(IJEh [ G, FEh} self-consistency FE[ (I)eh’ (I)pp}
cycle (I)pp[ G, I‘DD} cycle I—\pp[ <I)eh7 (I)E}

G[Z] \y/

pY [ [F ] self-consistency

Parquet approximation
A= —iv
One-shot approximation

Static kernel
approximation for I

Full two-body self-consistency, single one-body iteration in the diagonal approximation



Preliminary Results on Principal IPs

Preliminary statistics on 20 IPs in the aug-cc-pVTZ basis set

Method osPA GoWo GoTo
MAE 0.29 0.37 0.34

Marie & Loos, JCP 163 (2025) 194115
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Quasiparticle Concept

=G e Link to electron-boson Hamiltonian:
Langreth, PRB 1 (1970) 471
Hedin, JPCM 11 (1999) R489

O e Link to coupled-cluster theory:

Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

electron removal

22



Quasiparticle Concept

—€ e Link to electron-boson Hamiltonian:
Langreth, PRB 1 (1970) 471
Hedin, JPCM 11 (1999) R489

O e Link to coupled-cluster theory:

Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
O Tolle & Chan, JCP 158 (2023) 124123

electron removal
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Quasiparticle Concept

RPA excitation

Hedin, JPCM 11 (1999) R489

)O e Link to coupled-cluster theory:
Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

)
—€—Y e Link to electron-boson Hamiltonian:
Langreth, PRB 1 (1970) 471
——

electron removal

22



Inner- and Outer-valence IPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)

1.0p
5 o Computational cost
m
I — e HF O(K?)
o o GoWy O(K®) —O(K*)
o e IP-EOM-CC2 O(K®)
— 1o e IP-EOM-CCSD O(K®)
2 osf e IP-EOM-CCSDT O(K?)
g 0.6f
= 0.4f
0.2F
0.0 |:I

Highly starting point dependent!

HF
GoWy
CC2
CCSD
CcC3
CcC4

CCSDT

Systematic improvable?

CCSDTQ

Marie & Loos, JCTC 20 (2024) 4751
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Inner- and Outer-valence IPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)
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Marie & Loos, JCTC 20 (2024) 4751
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Singlet and Triplet DIPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)

Effect of the Quasiparticle Energies

ppRPAQHF ppRPAQGGW

12§ MSE MAE 12} MSE MAE
10§ 2.85 eV 2.88 eV 10§ 1.95 eV/ 1.96 eV

8
6
4
2
0
-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
Error (eV) Error (eV)
ppRPAQGF(2) ppRPAQGT
12} MSE MAE 12} MSE MAE
10£0.17 eV 1.01 eV 10f 1. eV 1.27 eV
8
6
4
2
0

-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
Error (eV) Error (eV)

Marie & Loos, JCTC 20 (2024) 4751; Marie et al. JCP 162 (2025) 134105
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Singlet and Triplet DIPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)

ppRPAQHF ppBSEQGW

12} MSE MAE 12F\iSE MAE
10} 2.85 eV 2.88 ¢V —0.37 eV 0.73 eV

—

SN B DO

-4 -2 0 2 4 6 8 -4 -3 -2 -1 0 1 2
Error (eV) Error (eV)

TDA@ppBSEQGT DIP-EOM-CCSD
12P\ISE MAE 12F\ISE
10F 031 ev 0.7V 10F0 52 ev
8 8
6 6
4 4
2 H 2
C—4 -3 -2 -1 0 1 2 C—4 -3 -2 -1 0 1 2
Error (eV) Error (eV)

Marie & Loos, JCTC 20 (2024) 4751; Marie et al. JCP 162 (2025) 134105
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(Single-Site) Double Core Holes (aug-cc-pCVTZ & CVS-FCI reference)

ot = —_ ]
i E[H ]
% —2% - a ASCF
S —40 1o ppRPAQHF
= _gol ) = ppBSEQGW
— 80— —

H,0O* N*H; C'H, CO* C*O

Cederbaum et al. JCP 85 (1986) 6513; Marie et al. JCP 162 (2025) 134105
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Parquet Algorithm

[Set level of approximation for A]

/

Initialize one-body quantities Initialize two-body quantities
S and G F=AT"=AandI™=A
\ /

Compute
Heh — pehppeh
$PP — [PP PP

two-body
self-consistency

Update

Yes

1]
Compute
Y =vGGGF

st

28



