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Electronic Schrodinger Equation

Wave Function Theory

Hamiltonian Energy

H \I/(rl,...,l’/v) = E \I/(rl,...,rN)

T Wave function T

kinetic external potential
H=T + Wee + Voo = [E=Er+Ew+E

electron repulsion



Reduced Quantities

Density Functional Theory

electron density

N/---/\Il*(r,...,rN)\Il(r,...,rN)drg~~~drN: n(r)

Wave Function Theory (WFT) ~ Density Functional Theory (DFT)

E=Er+Ew+Ev
X X v

Hohenberg & Kohn, Phys. Rev. 1964 (B864) 136



(Less) Reduced Quantities

Density Matrix Functional Theory

1st-order reduced density matrix

|
N/~~~/\I/*(r,...,rN)\I/(r',...,rN)drg---drN: m(r,r")

Wave Function Theory (WFT) ~ Reduced Density Matrix Functional Theory (RDMF)
E=Er+Ew+ Ev
v X v

Gilbert, Phys. Rev. B 12 (1975) 2111



(Even Less) Reduced Quantities

Density Matrix Functional Theory (2nd order)

N(N —1 %
[LED 5 )//\Il (ri,re,...,)¥(r,ra, ... ry)drs - dry = na(r, r)
E=Er+Ew+ Ev
v v v

dr—&—//idrldrg—ﬁ—/v(r)n(r)dr
r=r r2

E= —%/anl(r,r/)




One-Body Green’s Function

One-Body Propagator in the Time Domain

one-body Green's function time-ordering N-electron ground state

) J !
Glrt,r't) = —i <\1/3V\ T {Q/S(rt) w(r’t’)] \mg>
1

Field operators

i i N
G(rt, r't') = 1<\I'x,|¢ (rt) 1/’ |‘1’o> for t/> t'
+ \IIOWT 't') ‘\I’o> for t' <t
o (U|(rt W t')|W() measures the propagation of an (electron branch)
° <\116V|1W r't' )y (rt)|¥{') measures the propagation of a (hole branch)

Martin, Reining & Ceperley, “Interacting Electrons”



Lehmann Representation

One-Body Propagator in the Frequency Domain

Glr,rw) =Y Z,(NZ;(r') 'y A (n)As (r')

N N—1 : N+1 N .
v W= (E[)_EV ) —1m v W= (Eu+ _E[))+177
A A
vth ionization potential (IP) vth electron affinity (EA)

Photoemission spectrum of water
Spectral function 12 (d6y)

(3ay)™!

Aw) = ~|m 6(w)|

0.4 (1by)™"

(2ay)™"

Relative Intensity (Ha)

Marie & Loos, JCTC 20 (2024) 4751 =
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Links With Other Reduced Quantities

Link to RDMFT & DFT

m(r,r) = —ilim G(rt, r't") n(r) = —ilim lim G(rt,r't")
t/—t t'—tr' —r

Galitskii-Migdal Energy Functional

= %/dr lim lim V?G(rt,r't') /dr lim lim {8 +ih(r )} G(rt,r't") + Evy

t/—tr' —r t!—>tr' —r

t/'—tr'—r

1 . . 8 o ff 1,7
= i/dr lim lim {a — 1h(r)} G(rt,r't")

Wave Function Theory (WFT) ~» Green's Function Functional Theory (GFFT) ?!

Galitskii & Migdal, JETP 7 (1958) 96



Hedin’s Pentagon

Hedin’s Equations

(12) :60(12)+/G0(13) (34) G (42)d(34)
Green's function

I'(123) = §(12)5(13) /M (46) G (75)T(673)d(4567)
——

vertex

(12) :—i/ (13)[(342) ¢ (41)d(34)

polarizability
W(12) = v(12)+/v(13) (34) W(42)d(34)
~——
screening
Hedin, Phys. Rev. 139 (1965) A796 xc(12) = i/ (14)W(13)I'(423)d(34)
N——

self-energy



Hedin’s Square

The GW Approximation
Out In

S/ dH

G =Gy +GoxG

(12) :G0(12)+/G0(13) (34)C(42)d(34)
~——

Green's function
['(123) = §(12)5(13)
vertex
(12) = —iG(12)G(21)
@ polarizability
W(12) = v(12) +/v(13) (34) W (42)d(34)
——

screening
«(12) =iG(12)W(12)

self-energy

Hedin, Phys. Rev. 139 (1965) A796

Golze et al. Front. Chem. 7 (2019) 377; Marie et al. Adv. Quantum Chem. 90 (2024) 157

11



Regularization via the Similarity Renormalization Group (

QH'P =0 QH"P = PHQ =0 Energy

< Continuous (unitary) SRG transformation

Ly Yl | I
E P+ B(w) : :
I V= < |
. 0 W F 3 (w; |
Idea based on Evangelista’'s DSRG method g ! ‘ (S)dJ;na(iisc)ﬂow !
Chenyang Li & Evangelista, Annu. Rev. Phys. Chem. é 3 : (SRG-GW) 3
70 (2019) 275 gl E(s) L
g 3 3 static flow 3 F(s = o0)
Monino & Loos, JCP 156 (2022) 231101; Marie & Loos, e 1 (SRG-asGW) 1 < o
JCTC 19 (2023) 3943 5=0 s = 75=

flow



Quasiparticle Concept

—€ e Link to electron-boson Hamiltonian:
Langreth, PRB 1 (1970) 471
Hedin, JPCM 11 (1999) R489

O e Link to coupled-cluster theory:

Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

electron removal
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Quasiparticle Concept

RPA excitation

Hedin, JPCM 11 (1999) R489

_)O e Link to coupled-cluster theory:

Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

—e— Y e Link to electron-boson Hamiltonian:
Langreth, PRB 1 (1970) 471
—

electron removal



Quasihorse Concept

.G o

real Por‘“‘-le ‘}"'“:':- F’arfl'r.l&

real heorse quasi horse

Fig. 0.4 Quasi Particle Concept

Mattuck, “A Guide to Feynman Diagrams in the Many-Body Problem”
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Inner- and Outer-valence IPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)
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Propagation Can be Longer Than Expected

=2

©)

FRIEND'S
APARTMENT

R.D. MATTuck

Fig. 1.1 Propagation of Drunken Man

(Reproduced with the kind
permission of The Encyclopedia of Physics)

Mattuck, “A Guide to Feynman Diagrams in the Many-Body Problem”



Two-Body Green’s Function

Two-Body Propagator in the Time Domain

G:(121'7) = (-)*(¥s| T [p@9'@)] T[d(1)d' )] |ub)
Propagation of electron-hole pairs (t;/ > t; and ty > t2)
6 (12:1'2) = (i) (W8] &' ()PP @)9(2) + &' @)W @$ (1)$(1) | wd)
Propagation of electron-electron and hole-hole pairs (t;; > to and t; > t2)

’)

65" (12;1'2) = (=i (98| 9119t @) ()d(2) [w)

G (12;1'2) = (—)* (| $(P@)P (1)91(2)

17



The Electron-Hole Channel

Electron-Hole Correlation Function

L(12;1'2") = —G»(12;1'2") + G(11")G(22")

LIDV(I’QI’Q/)RLV(ﬁrl/) - Z Lﬁ’(rgrgz)RLV(rlrlf)

vsow—(EN —E) —in) Sow—(E —E) +in)
1 1

vth excitation energy

Electron-Hole Bethe-Salpeter Equation (eh-BSE)

= Lo(12; 1/2’)+/d(33’44/) Lo(13';1'3) E*"(34';3'4)
———
G(127)G(217) .

eh kernel

Strinati, Riv. Nuovo Cimento 11 (1988) 1; Blase et al. JPCL 11 (2020) 7371



Electron-Hole Effective Interaction Kernel
Effective Interaction Kernel
exchange-correlation

/ l
=h(12;1'7') = S22

5EXC oG ow .
E><c =iGW =i—=W — w
5G(2'2) = T = e 96!
:0
Casida Equations for eh-BSE Matrix Elements With Static Screening
( A B ) (X ) QN (X ) quasiparticle energies
-B —-AJ\Y Y, Aijp = (€S — ™) 656 + (iblaj) — Wi ab
If no correlation, Wjj ., = (iblja), then

Hartree
Biajb = (ij|ab) — Wip,a

exchange-correlation



Fundamental and Optical Gaps

Optical gap Fundamental gap A
opt _ N _ N fund _ TN N
Ny
80
2l s
GRS
opt
Eg
/-i?jf\ Sp —
S s S
EgK = E!L<UMO - ESOMO < EgGW = EEL‘J/KAO - EﬁgVMO
KS gap GW gap
E* =E'-E'= E™ + E
excitonic effect

optical gap fundamental gap
20



The Particle-Particle Channel

Particle-Particle Correlation Function

pp correlation function anomalous propagators

! I
K(12;1'2") = —Gy(12;1'2) + G"™(12)G*=(2'1)

Ly (nr)RY2 (M) Ly 2 (rin)R)*(nr)

v w—(ENMZ—EY —ip) Tw- (EY-EN? +ip)

K(rr;rnir;w) =

vth double EA (DEA)T vth double IP (DIP)

Particle-Particle Bethe-Salpeter Equation (pp-BSE)

K(12;1'2") = Ko(12;1'2") —/d(33’44/)K(l2:44’) EPP(44':33") Ko(33';1'2")
———
$[6(217)G6(12/)—G(11)G(22")] -
pp kernel

Marie, Romaniello, Loos, PRB 110 (2024) 115155; Marie et al. arXiv:2411.13167
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Particle-Particle Effective Interaction Kernel

Effective Interaction Kernel

Bogoliubov-correlation

l

ee /
52 (22) Z:g‘l:/v _ —iGeeW =

5Ge=(11")

GW ’
1058 1) _ Ly 100 — war';2'2))

=PP 99"\ —
=7 (11';22)) S

U=0

Essenberger, PhD thesis (2014)

Matrix Elements With Static Screening
Casida Equations for pp-BSE

quasiparticle energies
—_—

( C B ) (XV) _ QN:EQ (XV> Cab,cd = (Ea aF Eb) 5acébd aF Wac,bd - Wad,bc
—B f —-D Y. Y Y, Bogoliubov-correlation

Bab,ij - Wai,bj - Waj,bi
If no correlation, Wpq,rs = (ps|qr), then Dy = —(€&i + €)0udj + Wik j — Wi jx

Deilmann, Driippel & Rohlfing, PRL 116 (2016) 196804
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—

ppRPAGHF ppBSEQGW
2f MSE MAE | 2fMSE MAE
0}2.85 &V 2.88 &V 13 037V 0.73 &V
6
4
2
0

-4 -2 0 2 4 6 8

-4 -3 -2 -1 0 1

-4 -3 -2 -1 0 1 2
Error (eV)

Error (eV) Error (eV)
TDAGppBSEQGT DIP-EOM-CCSD

2F\ISE MAE | 2fMSE

OF_0.31 eV 0.7ev | fos2ev

8 8

6 6

: M/HT\\ :

2 { [ 2

: fi 2

-4 -3 -2 -1 0 1
Error (eV)

Marie & Loos, JCTC 20 (2024) 4751; Marie et al. arXiv:2411.13167

Singlet and Triplet DIPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)

23



(Single-Site) Double Core Holes (aug-cc-pCVTZ & CVS-FCI reference)

0. == — .
0 [ [
g—zo-
5 —40}
S|
—60} B
—80L—— —
H,O* N*H; C*H,; CO* C*O

Cederbaum et al. JCP 85 (1986) 6513; Marie et al. arXiv:2411.13167

s ASCF
1oppRPAQHF
1= ppBSEQGW
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