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Electronic Schrodinger Equation
Wave Function Theory |

Hamiltonian Energy

R

H W(r,...,m) = E U(re,..., 1)

I Wave function I

kinetic external potential
o
H=T 4+ Wee + Vext = |E=ET+EW+EV

electron repulsion




Reduced Quantities
Density Functional Theory |

electron density

]
N/"«/\I/*(r,...,rN)\I/(r,...,rN)drg~-drN: n(r)

Wave Function Theory (WFT) ~» Density Functional Theory (DFT)

E=Er+Ew+Ev
X X v

Hohenberg & Kohn, Phys. Rev. 1964 (B864) 136



(Less) Reduced Quantities
Density Matrix Functional Theory |

1st-order reduced density matrix

)
N/---/\IJ*(r,...,rN)\I/(r’,...,rN)dr2-~drN: ni(r,r')

Wave Function Theory (WFT) ~» Reduced Density Matrix Functional Theory (RDMF)
E=Er+Ew+Ey
v X 4

Gilbert, Phys. Rev. B 12 (1975) 2111



(Even Less) Reduced Quantities
Density Matrix Functional Theory (2nd order) |

2nd-order reduced density matrix

)
N(N —1 .
%//\I/ (riyray .o ) (ra, ra, ... ry)drs - -dry = na(ri, ra)

E=E+Ew+Ev
v v

E= —%/V?nl(r, r'

dr+//wdr1dr2+/v(r)n(r)dr
r'=r

12




One-Body Green's Function
One-Body Propagator in the Time Domain |

one-body Green’s function time-ordering N-electron ground state

] ] !
G(rt,r't) = —i <wg) 7 {zﬁ(rt) ot (r’t’)] ]\p§>
(|

Field operators
L, —i (B |p(r)gt (re)| ey for t>t
G(rt7rt): P Nl +1N o0 N /
+i (W [T ('t )e(rt)|Wg)  for t' <t

> (T |d(rt)dt (r't')| wh) measures the propagation of an electron (electron branch)
> (W[ ('t )d(rt)| W) measures the propagation of a hole (hole branch)

Martin, Reining & Ceperley, “Interacting Electrons”



Lehmann Representation

One-Body Propagator in the Frequency Domain

S = BOLE) s~ ADAE)

v ow— (BN —E)7Y) —in v ow— (N —EY) +in
A Iy
vth ionization potential (IP) vth electron affinity (EA)

Photoemission spectrum of water |

. 1.2 (1))
Spectral function T 10
g
L 2% | )
AWw) = ~[lm G(w)| 1
= o4 (1)
= 02 (2a)™!
~
Marie & Loos, JCTC 20 (2024) 4751 0.0
10 15 20 25 30 35 40 45
Binding Energy (eV)




Links With Other Reduced Quantities
Link to RDMFT & DFT |

ni(r,r')y = —ilim G(rt, r't") n(r) = —ilim lim G(rt,r't")

t'—t tV—=tr’'—r

Galitskii-Migdal Energy Functional

E= %/dr lim lim V7G(rt,r't’) + % dr lim lim {% _HF,(,)] G(rt,r't') + v

t'—tr’'—r t'—tr'—r

1 . . a " i
-1 / dr Tim Tim [E —1h(r)]G(rt,r )

t'—tr’'—r

Wave Function Theory (WFT) ~» Green’s Function Functional Theory (GFFT) ?!

Galitskii & Migdal, JETP 7 (1958) 96



Hedin’s Pentagon
Hedin's Equations |

c(12)  =Go(12) + / Go(13))(34)C(42)d(34)

Out In

B 55 (12)
I(123) = 6(12)5(13) + [ == @5 ((46)(75)1'(673)d(4567)

vertex

P(12) = —i/G(13)F(342)G(41)d(34)
~——

polarizability

W(12) = v(12) + / v(13)P(34) W (42)d(34)
screening

Hedin, Phys. Rev. 139 (1965) A796 Yxe(12) = i/G(l4)W(13)I‘(423)d(34)
N——

self-energy




Hedin's Square

Out In The GW Approximation h

C12) = Ge(12) + / Go(13)"(34)( (42)d(34)
Green's function
1'(123) = §(12)6(13)
vertex

P(12) = —i6(12)0(21)
@ pomny
W(12) = v(12) +/v(13)P(34)W(42)d(34)
screening
Vxe(12) = i0(12)W(12)
N——

self-energy

G =Gy +GoXG

Hedin, Phys. Rev. 139 (1965) A796

Golze et al. Front. Chem. 7 (2019) 377; Marie et al. Adv. Quantum Chem. 90 (2024) 157




Regularization via the Similarity Renormalization Group (SRG)

QHYP =0 QH"P = PHTQ =0 Energy

« Continuous (unitary) SRG transformation

>
2

=
+
M
£

Idea based on Evangelista’s DSRG method
Chenyang Li & Evangelista, Annu. Rev. Phys. Chem. 70
(2019) 275

static flow
(SRG-qsGW)

quasiparticle equation

Monino & Loos, JCP 156 (2022) 231101; Marie & Loos, JCTC
19 (2023) 3943 s

flow




Quasiparticle Concept

—€ > Link to electron-boson Hamiltonian:
Langreth, PRB 1(1970) 471
Hedin, JPCM 11 (1999) R489

» Link to coupled-cluster theory:
Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

electron removal



Quasiparticle Concept

> Link to electron-boson Hamiltonian:
Langreth, PRB 1(1970) 471
Hedin, JPCM 11 (1999) R489

» Link to coupled-cluster theory:
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Quasiparticle Concept

RPA excitation

> Link to electron-boson Hamiltonian:
Langreth, PRB 1(1970) 471
Hedin, JPCM 11 (1999) R489

» Link to coupled-cluster theory:
Lange & Berkelbach, JCTC 14 (2018) 4224
Quintero-Monsebaiz et al. JCP 157 (2022) 231102
Tolle & Chan, JCP 158 (2023) 124123

electron removal



Propagation Can be Longer Than Expected

(=2t

FRIEND'S @

APARTMENT

R.D. MATTuck

Fig. 1.1 Propagation of Drunken Man

Reproduced with the ki:
(pa'mlui:n of The &r%;;l:dpedla of Physics)

Mattuck, “A Guide to Feynman Diagrams in the Many-Body Problem”




Two-Body Green's Function

Two-Body Propagator in the Time Domain |
two-body Green'’s function 1= (ri,t1)

G2(12:1'2) = (—i)*( Wy |T[$(@)e' @)] T[d( 1)d' (1)) i)

|
S

Propagation of electron-hole pairs (t;; > t; and ty > t)

63'(12,1'7) = (—i)? (W[ ' (1B (2)9(2) + 91 @) (1)) o)

Propagation of electron-electron and hole-hole pairs (t;; > toy and t; > t3)

65°(12:12) = (=) (| d(P@P )92

W)

68'(12:1'2) = (—i)* (wo| ' (19" 2)d (1)) |wh)




The Electron-Hole Channel

Electron-Hole Correlation Function |
eh correlation function

!
L(12;1'2") = —G2(12;12") + G(11")G(22")
LN(rara RN (ryrys LN (rara YRY(riry/
L(r1r2;r1«r2/;w)=z (rarz)Ry(niry) (rafa )Ry (N )
vsow—(EN—E —in) vSow— (Ef —E) +in)
t 1

vth excitation energy

Electron-Hole Bethe-Salpeter Equation (eh-BSE)

L12:172)) = Lo(12;1'2) + [ d(33'44') Lo(13';1'3) B*"(34';3/4) [ (12;42))

G(12/)6(217)

i
|

eh kernel

Strinati, Riv. Nuovo Cimento 11 (1988) 1; Blase et al. JPCL 11 (2020) 7371



Electron-Hole Effective Interaction Kernel
Effective Interaction Kernel

exchange-correlation

’ l

—eh 1o, 11ony _ 05(117) . 0 .06 0w

27(12;,12) = 36(22) Yy =iGW = 3G _1_56W+IG_5G =i
=0

: : Matrix Elements With Static Screening
Casida Equations for eh-BSE

quasiparticle energies

( s > (X”> =% (XV>
B AV Yo Aiajp = (€3 — ") 800 + (iblaj) — Wij.ab

Hartree exchange-correlation

If no correlation, Wj; q» = (iblja), then
eh-BSE becomes RPAXx (or TDHF)! Bia,jb = (ijlab) — Wip o]




The Particle-Particle Channel

Particle-Particle Correlation Function b
pp correlation function anomalous propagators

K(12;12") = —G2(12;1'2) + G"(12)6°%(2'1)

Ly (rire)RyT2(riry) Ly~ 2(riry)Ry 2 (r1r2)

vow— (BN ) —in) sow— (B —EN7% +in)

vth double EA (DEA) vth double IP (DIP)
Particle-Particle Bethe-Salpeter Equation (pp-BSE)

K(12;1'2") = Ko(12;1'2") —/d(33’44’)/<(12; 44") =PP(44':33") Ko(33';1'2")
~———

116(21)6(12")—6(117)6(22")]

K(rlrg;rl/rQ/;w) =

pp kernel

Marie, Romaniello, Loos, PRB 110 (2024) 115155; Marie et al. (in preparation)



Particle-Particle Effective Interaction Kernel
Effective Interaction Kernel

Bogoliubov-correlation

o 6xee(22)
T8Gee(117)

Y1) 1

GW . ~ee
Moo = I0W = Ry T 2

=PP(11';22") [W(11';22") — W(11';2'2)]

uU=0

Essenberger, PhD thesis (2014)

Matrix Elements With Static Screening |
Casida Equations for pp-BSE o »
quasiparticle energies
——

¢ B\ (X nt2 (X Caved = (€at€)  Jacdpg + Wacbs — Wad,bc
v\ _ v \ ,
(—BJr —D) <Y,,> - QV <Y,,> Bogoliubov-correlation

Bap,ij = Wai,bj — Waj bi

If no correlation, Wpq,rs = (ps|qr), then
10n, Woas = {pslqr), Diji = — (€ + €)ikdjt + Wir,j — Wi je

pp-BSE becomes pp-RPA!
Deilmann, Drippel & Rohlfing, PRL 116 (2016) 196804

EEEEEEEE————————————————.,




Singlet and Triplet DIPs (aug-cc-pVTZ) for 23 small molecules (FCI reference)

ppRPAQHF ppBSEQGW
12F\isE MAE | P2huse MAE
12 2.83 eV 2.86 &V 13 037V 0.74 eV
6 6
4 4
2 2
0 0
"4 20 2 4 6 8 1 2 o0 2
Error (V) Error (eV)
TDAGppBSEQGIW EOM-DIP-CCSD
12hsE MAE | B2 MisE MAE
12 031 &V 0.7V 12 0.52 6V 0.57 &V
6 6
4 4
2 2
0 0
5 2 o0 2 1 2 o0 2

Error (eV) Error (eV)

Marie & Loos, JCTC 20 (2024) 4751; Marie et al. (in preparation)




(Single-Site) Double Core Holes (aug-cc-pCVTZ & CVS-FCI reference)

Error (eV)

—20t

—40}

—60}

-80

{ = ASCF
1= ppRPAGQHF

H,O"

Cederbaum et al. JCP 85 (1986) 6513; Marie et al. (in preparation)

N*H; C*Hy

co”

(OX(0)

= ppBSEQGW
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