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viruses

m Colloid particles in colloidosomes
m Fullerene-like molecules: Cgg, Coa9, Csag, - ..

Our arguments. . .

m This is mathematically challenging
m This is actually related to “real” systems

m It yielded a number of unexpected discoveries
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Two electrons on a (hyper)sphere
o0

Spherium

The spherium atom: electron(s) on a sphere of radius R

Loos & Gill Phys Rev A 79 (2009) 062517

P.-F. Loos — http://rsc.anu.edu.au/~loos/ — Mathematical Methods in Quantum Chemistry — June 27th 2011 —

Lessons from electron(s) on sphere(s)



Two electrons on a (hyper)sphere
o0

Spherium
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One electron on a sphere
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Two electrons on a (hyper)sphere
o0

Spherium

The spherium atom: electron(s) on a sphere of radius R

One electron on a sphere

Solution:
Yem(0, $) = Boring!!!

Loos & Gill Phys Rev A 79 (2009) 062517
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Two electrons on a (hyper)sphere
o0

Spherium

The spherium atom: electron(s) on a sphere of radius R

One electron on a sphere Two electrons on a sphere
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Solution: Solution:
Yem(0, $) = Boring!!!

Loos & Gill Phys Rev A 79 (2009) 062517
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Two electrons on a (hyper)sphere
o0

Spherium

The spherium atom: electron(s) on a sphere of radius R

One electron on a sphere Two electrons on a sphere

I o
c’ ]l\ oy ]
i AR |
| :/ £3 - w
N 1 1
H:_E (V%-FV%)‘FE
Solution: Solution:
Yem(0, $) = Boring!!! 77?7 = Exciting!!l

Loos & Gill Phys Rev A 79 (2009) 062517
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Two electrons on a (hyper)sphere
(el J

Spherium

Hamiltonian of the ground state

4R? dr?, 4R?  np) dna  no

/:I o r122 d2 3[’12 1 d 1
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Two electrons on a (hyper)sphere
(el J

Spherium

Hamiltonian of the ground state

~ r2 d2 3[’12 1 d 1
H=(-2322 _1) B [
(4R2 ) drf, * <4R2 f12> drio * ri2

Note: related to the Heun's differential equation
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Two electrons on a (hyper)sphere
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Spherium

Hamiltonian of the ground state

~ r2 d2 3[’12 1 d 1
H=(-2322 _1) B [
(4R2 ) drf, * <4R2 f12> drio * ri2

Note: related to the Heun's differential equation

Frobenius method

oo
We seek polynomial solutions: W(ry,r;) = E ety
=0
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Two electrons on a (hyper)sphere
(el J

Spherium

Hamiltonian of the ground state

~ r2 d2 3[’12 1 d 1
H=(-2322 _1) B [
(4R2 ) drf, * <4R2 f12> drio * ri2

Note: related to the Heun's differential equation

Frobenius method

oo
We seek polynomial solutions: W(ry,r;) = E ety
=0

Analytical solutions
R=V3/2 E=1 V(ry,r)=1+ro
R:\ﬁ E:2/7 \Il(rl,rg):1+r13—|—25—8r122

Loos & Gill Phys Rev Lett 103 (2009) 123008
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o

Glomium

The glomium atom: electron(s) on a glome

What is a “glome”?
A glome is a 3-sphere, i.e. the surface of a 4-dimensional ball

Hamiltonian of the ground state

~ r2 d2 5[‘12 2 d 1
H=(2322 1) — e _ 2y = 4=
(4R2 ) drf * <4R2 f12> drio * r2
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Two electrons on a (hyper)sphere
o

Glomium

The glomium atom: electron(s) on a glome

What is a “glome”?
A glome is a 3-sphere, i.e. the surface of a 4-dimensional ball

Hamiltonian of the ground state

~ r2 d2 5[‘12 2 d 1
H=(2322 1) — e 2 il
(4R2 ) drf * <4R2 f12> drio * r2

Analytical solutions
R=v10/2 E=1/2 W(r,r)=1+ " n
R=v66/2 E=2/11 V(ri,rn)=1+ r.+ 155
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Two electrons on a (hyper)sphere
L]

Exact solutions in D dimensions

Generalization to a D-dimensional space

First exact solutions for a D-sphere

State D 2R E Y(ry,ro)
1 V6 2/3 na(l+n2/2)
1 2 \/E 1 1+
3 V10 1)2 14 rip/2
4 21 1/3 1+ r2/3
1 V6 1/2 1+nmp/2
3p 2 V15 1/3 1+ r2/3
3 V28 1/4 14 ny/4
4 45 1/5 1+ /5

Loos & Gill Phys Rev Lett 103 (2009) 123008; Mol Phys 108 (2010) 2527
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Uniform electron gases
o

Jellium paradigm

Uniform electron gas in Flatland

The 2D- and 3D-jellium model

Giuliani & Vignale, Quantum theory of electron liquid
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Jellium paradigm

Uniform electron gas in Flatland

The 2D- and 3D-jellium model

m Jellium is the main ingredient of many (but not all) DFT functionals

m n electrons in a square/cubic box of volume V embedded in a positive
“jelly" background

m Uniform electron density at all points only if n — oo and V — oo
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Uniform electron gases
o
Jellium paradigm

Uniform electron gas in Flatland

The 2D- and 3D-jellium model

m Jellium is the main ingredient of many (but not all) DFT functionals

m n electrons in a square/cubic box of volume V embedded in a positive
“jelly" background

m Uniform electron density at all points only if n — oo and V — oo
m Characterized by one parameter: the Seitz radius rs

Giuliani & Vignale, Quantum theory of electron liquid
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

Loos & Gill Phys Rev B (submitted) arXiv:1101.3131
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

=3
=2

o 4

0-spherium
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

=3

Zf % % % 1-spherium
ar7

=0
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

Z:: % % % —Hr_ % 2-spherium
812

= 1
=0 -
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

L-Spherium

2£+1
Z |Y€m9 (b

m=—¢

n=2(L+1)?

C(L+12 1
P~ orR? o2

Loos & Gill Phys Rev B (submitted) arXiv:1101.3131
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Uniform electron gases
(]

L-spherium and L-glomium

Uniform electron gas in Sphereland
We fill each (hyper)spherical harmonic Yy up to £ = L with one up-

and one down-electron

L-Spherium L-Glomium

Z Yenl0,6)P = 22 Z S Vom0, )7 = (“1)

m=—/{ m=0n=—m
n=2(L+1)? n=2(L+1)(L+3/2)(L+2)/3
(L+1)2 1 (L+1)(L+2)(2L+3) 3
O P= 672R3 = 4nr3

Loos & Gill Phys Rev B (submitted) arXiv:1101.3131
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Flatland vs. Sphereland
o

L-spherium vs. 2D-jellium

High-density (rs — 0) limit: L-spherium vs. 2D-jellium

€

_ £
Eopjen(rs) = ri22 +

S

I

-1 (0,0 +€0,k) + AirsInrs 4+ O(rs)

E_o2 =

€0,J =

€o,K =

A=
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Flatland vs. Sphereland
o

L-spherium vs. 2D-jellium

High-density (rs — 0) limit: L-spherium vs. 2D-jellium

EZDJeII(rs)— r +7+(50J +€0 K)"‘)\lrsln r5+O(r5)

L LL+2)

2oL+ 1)

I S B N TR
S R

occ virt .
2330 (ilab)?
€00 =——
n “— Ka+ Kp — Kj — Kj
ij ab
occ virt

(ij|ab)(balij)
€0,K =~ ZZ/@a—i—I{b—H,_HJ

A1 = (resummation)
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L-spherium vs. 2D-jellium

Flatland vs. Sphereland
o

High-density (rs — 0) limit: L-spherium vs. 2D-jellium

Expjen(rs) = £-2 &1, (0,0 +€0,k) + AirsInrs 4+ O(rs)
) 1
2T TR+ 1)2 oo |2
I L, L+2, 1, -1 A2
Yz -L-%, L+3 2 Lo 3m
occ virt Ulab l 2 1
80J_7722KJ + Kp — Ki — Kj L—o0 ne—
occ virt
(ij|ab)(balij) 8
€0,K =— ZZ/@a—i—I{,b—H,_HJ L~>00G772(4)
. 10
A1 = (resummation) — V2| —=-1
L—o0 37
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Flatland vs. Sphereland
o

L-spherium vs. 2D-jellium

High-density (rs — 0) limit: L-spherium vs. 2D-jellium

EZDJeII(rs)— r +7+(50J +€0 K)"‘)\lrsln r5+O(r5)

L(L+2)

T VE T T2 v
1 —L, L+2 L -1 4+/2
= F ; P ) 7] _Tve )
€1 \@ [ L1 L3 2 5o 37 v

occ virt
U|3b
occ virt
(ij|ab)(balij) 8
- G- 2 p(4
Eo,K = ZZ/@a—i—I{,b—H,_HJ L—oo w2 () \/
. 10
A1 = (resummation) - 2(3—1) vV
—00 s
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Flatland vs. Sphereland
o

L-glomium vs. 3D-jellium

High-density (rs — 0) limit: L-glomium vs. 3D-jellium

= E_2 E_1
Ezpjei.(rs) = — T + XoInrs+ (g0 +e0k) + O(rsinrs)

s Is

Ao

€0,J

€o,K
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Flatland vs. Sphereland
o
L-glomium vs. 3D-jellium

High-density (rs — 0) limit: L-glomium vs. 3D-jellium

= E_2 E_1
Ezpjei.(rs) = — T + XoInrs+ (g0 +e0k) + O(rsinrs)

s Is

3 /or\??

£-2 L—o0 +TO ( 4 )
3 [/or\Y3

S 1
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0 L— oo 7T2
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Flatland vs. Sphereland
o

L-glomium vs. 3D-jellium

High-density (rs — 0) limit: L-glomium vs. 3D-jellium

= E_2 E_1
Ezpjei.(rs) = — T + XoInrs+ (g0 +e0k) + O(rsinrs)

s Is
on 2/3
(%)
or 1/3
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Flatland vs. Sphereland
o
L-glomium vs. 3D-jellium

High-density (rs — 0) limit: L-glomium vs. 3D-jellium

= E_2 E_1
Ezpjei.(rs) = — T + XoInrs+ (g0 +e0k) + O(rsinrs)

s Is

3 (or\*?
£-2 L—oo +TO ( 4 ) \/
1/3
3 (97
-1 L—o00 _E < 4 ) \/
resum. ]- - | 2
/\0 Em— 2n \/
L—oo s
€0,J - —0.071099 Vv
L—oo
In2 3
G0 v R v
Conjecture: high-density expansions identical to all order!!

P.-F. Loos — htt, anu.edu.au/~loos/ — Mathematical Methods in Quantum Chemistry — June 27th 2011 —

Lessons from electron(s) on sphere(s)



Conclusion
o

Final remarks

Conclusion

Mathematical Methods in Quantum Chemistr,

Lessons from electron(s) on sphere(s)



Conclusion
o

Final remarks

Conclusion

Two-electron systems

Mathematical Methods in Quan

Lessons from electron(s) on sphere(s)



Conclusion
o

Final remarks

Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

Mathematical Methods in Quant i — June 27th 2011 —

Lessons from electron(s) on sphere(s)



Conclusion
o

Final remarks

Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

m Cusp conditions are identical to real systems

Mathematical Methods in Quant i — June 27th 2011 —

Lessons from electron(s) on sphere(s)



Conclusion
o

Final remarks

Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

m Cusp conditions are identical to real systems

Uniform electron gases
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m Cusp conditions are identical to real systems

Uniform electron gases

m Spherium and glomium are uniform electron gases for any value of L
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Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

m Cusp conditions are identical to real systems

Uniform electron gases

m Spherium and glomium are uniform electron gases for any value of L

m They appear to have identical properties to jellium when L — oo
= ‘“short-sightedness” of electronic matter
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Conclusion
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Final remarks

Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

m Cusp conditions are identical to real systems

Uniform electron gases

m Spherium and glomium are uniform electron gases for any value of L

m They appear to have identical properties to jellium when L — oo
= ‘“short-sightedness” of electronic matter

m It seems to be true in the low-density (r; — oo) limit as well
(Thomson problem)
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Conclusion
o

Final remarks

Conclusion

Two-electron systems

m O-spherium and 0-glomium are exactly solvable two-electron systems

m Cusp conditions are identical to real systems

Uniform electron gases

m Spherium and glomium are uniform electron gases for any value of L

m They appear to have identical properties to jellium when L — oo
= ‘“short-sightedness” of electronic matter

m It seems to be true in the low-density (r; — oo) limit as well
(Thomson problem)

m They might be more convenient models for DFT functional
development
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