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Configuration Interaction (CI)

I This is the oldest and perhaps the easiest method to understand

I The CI wave function is a linear combination of Slater determinants

I CI methods use excited determinants to “improve” the reference (usually Hartree-Fock) wave function

|ΦCI〉 = c0 |Ψ0〉︸ ︷︷ ︸
reference

+
∑

i
a

ca
i |Ψa

i 〉

︸ ︷︷ ︸
singles

+
∑
i<j
a<b

cab
ij |Ψab

ij 〉

︸ ︷︷ ︸
doubles

+
∑

i<j<k
a<b<c

cabc
ijk |Ψabc

ijk 〉

︸ ︷︷ ︸
triples

+
∑

i<j<k<l
a<b<c<d

cabcd
ijkl |Ψabcd

ijkl 〉

︸ ︷︷ ︸
quadruples

+ · · ·

I CI is based on the variational principle (like the Hartree-Fock approximation)



Excited Determinants

Excited determinants

HF S-type S-type D-type D-type T-type Q-type 

CI wave function

|ΦCI〉 = c0 |0〉+ cS |S〉+ cD |D〉+ cT |T〉+ cQ |Q〉+ · · ·



Truncated CI

I When |S〉 (singles) are taken into account: CIS

|ΦCIS〉 = c0 |0〉+ cS |S〉

NB: CIS is an excited state method

I When |S〉 and |D〉 are taken into account: CISD

|ΦCISD〉 = c0 |0〉+ cS |S〉+ cD |D〉

NB: CISD is the most commonly-used CI method

I When |S〉, |D〉 and |T〉 (triples) are taken into account: CISDT

|ΦCISDT〉 = c0 |0〉+ cS |S〉+ cD |D〉+ cT |T〉

I CISDTQ, etc.



Full CI

I When all possible excitations are taken into account, this is called a Full CI calculation (FCI)

|ΦFCI〉 = c0 |0〉+ cS |S〉+ cD |D〉+ cT |T〉+ cQ |Q〉+ . . .

I FCI gives the exact solution of the Schrödinger equation within a given basis

I FCI is becoming more and more fashionable these days (e.g. FCIQMC and CIPSI methods)

I So, why do we care about other methods?

I Because FCI is super computationally expensive!
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Size of CI Matrix

“Assume we have 10 electrons in 38 spin MOs: 10 are occupied and 28 are empty”

I There is Ck
10 possible ways of selecting k electrons out of the 10

occupied orbitals

Ck
n =

n!

k!(n− k)!

I There is Ck
28 ways of distributing them out in the 28 virtual orbitals

I For a given excitation level k, there is Ck
10Ck

28 excited determinants
I The total number of possible excited determinant is

10∑
k=0

Ck
10Ck

28 = C10
38 = 472, 733, 756

I This is a lot...

For N = 10 and K = 38:

k Num. of excitations
0 1
1 280
2 17,010
3 393,120
4 4,299,750
5 24,766,560
6 79,115,400
7 142,084,800
8 139,864,725
9 69,069,000
10 13,123,110

Tot. 472,733,756



How to “span” the Hilbert space: Excitation-based CI
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How to “span” the Hilbert space: Excitation-based CI
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How to “span” the Hilbert space: Excitation-based CI
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How to “span” the Hilbert space: Seniority-based CI
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How to “span” the Hilbert space: Seniority-based CI

  

s 0 2 4 6

sCI0



How to “span” the Hilbert space: Seniority-based CI
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How to “span” the Hilbert space: Seniority-based CI
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How to “span” the Hilbert space: Seniority-based CI
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Excitation-based CI
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Excitation-based CI
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Excitation-based CI
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Excitation-based CI
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Excitation-based CI
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Seniority-based CI
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Seniority-based CI
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Seniority-based CI
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Seniority-based CI
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Seniority-based CI
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A novel partitioning of the Hilbert space

Hierarchy CI (hCI)

h =
e + s/2

2

I e: excitation degree
I s: seniority number
I h: hierarchy parameter



Hierarchy CI
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Hierarchy CI
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Hierarchy CI
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Hierarchy CI
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Hierarchy CI
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Excitation-based CI vs Hierarchy CI vs Seniority-based CI
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Hierarchy Configuration Interaction

Hierarchy configuration interaction (hCI)

Excitation degree e
Seniority number s

Hierarchy parameter h = e+s/2
2
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Kossoski, Damour & Loos, JPCL 13 (2022) 4342 (see also arXiv:2308.14618)

Fábris Kossoski



Selected Configuration Interaction: “sparse” exploration of the FCI space

“Among the very large number of determinants contained in the FCI space, only a tiny fraction of them
significantly contributes to the energy”

CIPSI = CI using a Perturbative Selection made Iteratively
I Developed in Toulouse many (many) years ago

Huron, Malrieu & Rancurel, JCP 58 (1973) 5745

I Based on old idea by Bender and Davidson, and Whi�en and Hackmeyer
Bender & Davidson, Phys. Rev. 183 (1969) 23
Whi�en & Hackmeyer, JCP 51 (1969) 5584

I CIPSI (and SCI methods in general) has been recently resurrected!
Giner, Scemama & Ca�arel, CJC 91 (2013) 879
Giner, Scemama & Ca�arel, JCP 142 (2015) 044115

I CIPSI ≈ heat-bath CI (Umrigar) ≈ adaptive sampling CI (Evangelista) ≈ iterative CI (Liu) ≈ incremental
CI (Zimmerman) ≈ FCIQMC (Alavi)



CIPSI at the University of Barcelona (1)



CIPSI at the University of Barcelona (2)



CIPSI at the University of Barcelona (3)



CIPSI at the University of Barcelona (3)



Hilbert space “onion”
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Color code: Internal vs External

I Green: reference/variational/internal wave function (zeroth-order or model space)

I Red: perturbers or external wave function (first-order or perturbative space)

H(0)

H(1)

h†

h

internal space |I〉

perturbers |α〉



CIPSI algorithm

1. Define a (zeroth-order) reference wave function:

|Ψ(0)〉 =
∑
I∈I

cI |I〉 E(0) =
〈Ψ(0)|Ĥ|Ψ(0)〉
〈Ψ(0)|Ψ(0)〉

2. Generate external determinants:

A =
{

(∀I ∈ I)
(
∀T̂ ∈ T1 ∪ T2

)
: |α〉 = T̂ |I〉

}
3. Second-order perturbative contribution of each |α〉:

δE(α) =
| 〈Ψ(0)|Ĥ|α〉| 2

E(0) − 〈α|Ĥ|α〉

4. Select |α〉 with largest δE(α) and add them to I
5. Diagonalize Ĥ in I ⇒ update |Ψ(0)〉 and E(0)

6. Iterate



Ground state of Cr2 in cc-pVQZ: full-valence CAS(28e,198o)
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Garniron et al., JCTC 15 (2019) 3591



How do we know how far we are from the “true” FCI?

I Second-order Epstein-Nesbet correction:

E(2) =
∑
α

δE(α)

I |α〉’s with largest δE(α) have been added to Ψ(0) previously
⇒ only small contributions remaining

I A increases with I
⇒ a very large number of very small contributions

I In practice, we use a semi-stochastic algorithm to compute E(2)

⇒ much faster‼
Garniron, Scemama, Loos & Ca�arel, JCP 147 (2017) 034101

I We linearly extrapolate to E(2) = 0 to reach the FCI limit (exFCI)



Ground state of Cr2 in cc-pVQZ: full-valence CAS(28e,198o)
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The Benzene Blind Challenge: Frozen-core correlation energy (cc-pVDZ)

Eriksen et al. JPCL 11 (2020) 8922



Performance of CIPSI for C6H6/cc-pVDZ (1)
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Performance of CIPSI for C6H6/cc-pVDZ (2)
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Orbital-optimized CIPSI for C6H6/cc-pVDZ (and many others)

CIPSI wave
function

H · c = Ec
Density matrices

γ & Γ

Orbital gradient
and Hessian

g & HNewton-Raphson

κ = −H−1 · g

Orbital rotation

C ← C · exp(−κ)

Damour, Véril, Kossoski, Ca�arel, Jacquemin, Scemama & Loos, JCP 155
(2020) 176101

I Orbital optimization largely
accelerates the convergence
of selected CI

I Trust-region
Newton-Raphson
algorithm

Yann Damour



CIPSI trial wave functions for periodic solids

Michel Ca�arel



�antum Package 2.0

“SCI+PT2 methods provide near full CI (FCI) quality quantities with only a small fraction of the determinants of
the FCI space”

“�antum Package 2.0: An Open-Source Determinant-Driven Suite of Programs”,
Garniron et al., JCTC 15 (2019) 3591

Anthony Scemama



Highly-accurate excitation energies: The QUEST project

“The aim of the QUEST project is to provide to the community a large set of highly-accurate excitation energies
for various types of excited states”

QUEST
database
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Density-based nightmare...

Zoo of functionals...



Wavefunction-based nightmare...

And this is just for excited states...

TDDFT
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Cyanine H2N – CH –– NH2
+/aug-cc-pVDZ: CAS(24,114)
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Cyanine H2N – CH –– NH2
+/aug-cc-pVDZ: CAS(24,114)



QUEST #1 — small molecules —

I 110 vertical excitation energies (VTEs)
and oscillator strengths

I 18 small molecules from 1 to 3 non-H
atoms

I CC3/aug-cc-pVTZ geometries
I mostly singly-excited states and very

few doubly-excited states
I rely on FCI to define “theoretical best

estimates” (TBEs)
I aug-cc-pVTZ and CBS vertical

energies
I benchmark popular excited-state

methods accounting for double and
triple excitations



Benchmarking excited-state methods vs TBE/aug-cc-pVTZ



Errors in ADC(2) & ADC(3) for states with large (> 0.15 eV) ADC(2) error

See also Loos & Jacquemin, JPCL 11 (2020) 974



QUEST #2 — double excitations —

I 20 VTEs for doubly-excited states
I 14 small- and medium-sized molecules
I mostly rely on FCI to define TBEs

(except for the largest molecules)
I aug-cc-pVTZ and CBS vertical

energies
I benchmark excited-state methods

including at least triple excitations
I additional benchmarks of

multi-configurational methods



Reference energies for double excitations
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QUEST #3 — medium-sized molecules —

I 238 VTEs (and oscillator strengths)
with mostly singly-excited states and
aug-cc-pVTZ basis

I 27 small- and medium-sized molecules
with 4 to 6 non-H atoms

I rely mostly on CCSDT or CCSDTQ to
define TBEs

I benchmark popular excited-state
methods accounting for double and
triple excitations

I recently improved TBEs with CC4 and
CCSDTQ [JCP 154 (2021) 221103;
JCTC 18 (2022) 4418]



QUEST #4 — “exotic” molecules and radicals —

I two subsets of excitations and
oscillator strengths

I an “exotic” subset of 30 VTEs for
closed-shell molecules containing F,
Cl, P, and Si

I a “radical” subset of 51
doublet-doublet transitions in 24 small
radicals

I total of 81 TBEs mostly obtained at
the FCI/aug-cc-pVTZ level

I benchmark popular excited-state
methods (U vs RO)



QUEST #5 — larger molecules —

I 13 new systems composed by small
molecules as well as larger molecules

I 80 new transitions the vast majority
being of CCSDT quality

I benchmark popular excited-state
methods over the entire database



Single- vs Multi-reference methods
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The QUEST website

Véril et al. WIREs Comput. Mol. Sci. 11 (2021) e1517
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Other research groups using QUEST

I Head-Gordon’s group: orbital-optimized DFT for double excitations [JCTC 16 (2020) 1699; JPCL 12 (2021)
4517] and TD-DFT benchmark [JCTC 18 (2022) 3460]

I Kaupp’s group: assessment of hybrid functionals [JCP 155 (2021) 124108]

I Kallay’s and Goerigk’s groups: double hybrids [JCTC 15 (2019) 4735; JCTC 17 (2021) 927; JCTC 17 (2021)
5165; JCTC 17 (2021) 4211]

I Truhlar/Gagliardi’s group: p-DFT [JCTC 18 (2022) 6065]

I Bartle�’s group: Variants of EOM-CC for doubly-excited states [JCP 156 (2022) 201102; JPCA 127 (2023)
828; JCP 159 (2023) 094101]

I Neuscamman’s group: QMC for doubly-excited states [JCP 153 (2022) 234105]

I Filippi/Scemama’s groups: QMC for excited states [JCTC 15 (2019) 4889; JCTC 17 (2021) 3426; JCTC 18
(2022) 1089; JCTC 18 (2022) 6722]

I Gould’s group: ensemble DFT [JPCL 13 (2022) 2452]
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