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Assumptions & Notations

Notations
I We consider closed-shell molecules (2 opposite-spin electrons per orbital)
I … with finite (atom-centered) gaussian basis sets

I Number of occupied orbitals O
I Number of vacant orbitals V
I Total number of orbitals N = O + V

I φp(r) is a (real) spatial orbital
I i, j, k, l are occupied orbitals
I a, b, c, d are vacant orbitals
I p, q, r are arbitrary (occupied or vacant) orbitals

I m indexes the OV single excitations (i → a)
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What can you calculate with GW?

I Ionization potentials (IPs) given by occupied MO energies

I Electron a�inities (EAs) given by virtual MO energies

I Fundamental (HOMO-LUMO) gap (or band gap in solids)

I Correlation and total energies



Green’s function and dynamical screening

One-body Green’s function in the quasiparticle approximation

G(r1, r2;ω) = ∑
i

φi(r1)φi(r2)

ω− εi − iη︸ ︷︷ ︸
removal part = IPs

+∑
a

φa(r1)φa(r2)

ω− εa + iη︸ ︷︷ ︸
addition part = EAs

(1)

Polarizability

P(r1, r2;ω) = − i
π

∫
G(r1, r2;ω + ω′)G(r1, r2;ω′)dω′ (2)

Dielectric function and dynamically-screened Coulomb potential

ε(r1, r2;ω) = δ(r1 − r2)−
∫

P(r1, r3;ω)

|r2 − r3|
dr3 (3)

W (r1, r2;ω) =
∫

ε−1(r1, r3;ω)

|r2 − r3|
dr3 (4)



Dynamical screening in the orbital basis

Spectral representation ofW

W ij,ab(ω) =
x

φi(r1)φj(r1)W (r1, r2;ω)φa(r2)φb(r2)dr1dr2

= (ij|ab)︸ ︷︷ ︸
(static) exchange part

+ 2 ∑
m
(ij|m)(ab|m)

[
1

ω−ΩRPA
m + iη

− 1
ω + ΩRPA

m − iη

]
︸ ︷︷ ︸

(dynamical) correlation part W c
pq,rs(ω)

(5)

Electron repulsion integrals (ERIs)

(ij|ab) =
x φi(r1)φj(r1)φa(r2)φb(r2)

|r1 − r2|
dr1dr2 (6)

Screened ERIs

(pq|m) = ∑
ia
(pq|ia)(XRPA

m + YRPA
m )ia (7)



Computation of the dynamical screening

Direct (ph-)RPA calculation (pseudo-hermitian linear problem)(
ARPA BRPA

−BRPA −ARPA

)
·
(
XRPA
m

YRPA
m

)
= ΩRPA

m

(
XRPA
m

YRPA
m

)
(8)

For singlet states: ARPA
ia,jb = δijδab(ε

HF
a − εHF

i ) + 2(ia|bj) BRPA
ia,jb = 2(ia|jb) (9)

Non-hermitian to hermitian

(A − B)1/2 · (A + B) · (A − B)1/2 · Zm = Ω2
m Zm (10)

(Xm + Ym) = Ω−1/2
m (A − B)+1/2 · Zm (11)

(Xm − Ym) = Ω+1/2
m (A − B)−1/2 · Zm (12)

Tamm-Danco� approximation (TDA)

B = 0 ⇒ A · Xm = ΩTDA
m Xm (13)



The self-energy

GW self-energy

Σ(r1, r2;ω) =
i

2π

∫
G(r1, r2;ω + ω′)W (r1, r2;ω′)eiηω′dω′ (14)

Correlation part of the (dynamical) self-energy

Σc
pq(ω) = 2 ∑

im

(pi|m)(qi|m)
ω− εHF

i + ΩRPA
m − iη

+ 2 ∑
am

(pa|m)(qa|m)
ω− εHF

a −ΩRPA
m + iη

(15)

Diagonal part of the GW self-energy

Σc
p(ω) ≡ Σc

pp(ω) = 2 ∑
im

(pi|m)2

ω− εHF
i + ΩRPA

m − iη
+ 2 ∑

am

(pa|m)2

ω− εHF
a −ΩRPA

m + iη
(16)



�asiparticle equation

Dyson equation

[G(r1, r2;ω)]−1 = [GHF(r1, r2;ω)]−1︸ ︷︷ ︸
HF Green’s function

+Σc(r1, r2;ω) (17)

Non-linear quasiparticle (QP) equation for G0W0

εHF
p + Σc

p(ω)−ω = 0 ⇒ εGWp,s (s numbers the solutions) (18)

Spectral weight or renormalization factor

0 ≤ Zp,s =

1−
∂Σc

p(ω)

∂ω

∣∣∣∣∣
ω=εGWp,s

−1

≤ 1 (19)

Conservation rules: ∑
s
Zp,s = 1 and ∑

s
Zp,sεGWp,s = εHF

p (20)



Solutions of the non-linear QP equation: G0W0@HF/6-31G for H2 at R = 1 bohr
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QP energies of H2 at the G0W0@HF/6-31G level with η = 0
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QP energies of H2 at the G0W0@HF/6-31G level with η = 100 meV
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Upfolding the GW equations

A linear version of GW [Bintrim & Berkelbach, JCP 154 (2021) 041101]

H(p) · c(p,s) = εGWp,s c(p,s) with H(p) =

 εHF
p V2h1p

p V2p1h
p

(V2h1p
p )ᵀ C2h1p 0

(V2p1h
p )ᵀ 0 C2p1h

 and Zp,s =
[
c(p,s)1

]2
(21)

2h1p and 2p1h blocks

C2h1p
ija,kcl =

[(
εHF
i + εHF

j − εHF
a

)
δjlδac − 2(ja|cl)

]
δik V 2h1p

p,klc =
√

2(pk|cl) (22)

C2p1h
iab,kcd =

[(
εHF
a + εHF

b − εHF
i

)
δikδac + 2(ai|kc)

]
δbd V 2p1h

p,kcd =
√

2(pd |kc) (23)

Recovering the self-energy via downfolding

Σc
p(ω) = V2h1p

p ·
(

ω1−C2h1p
)−1
·
(
V2h1p
p

)ᵀ
+ V2p1h

p ·
(

ω1−C2p1h
)−1
·
(
V2p1h
p

)ᵀ
(24)



Löwdin partitioning technique

Downfolding or dressing process [Romaniello et al, JCP 130 (2009) 044108]

H · c = ω c︸ ︷︷ ︸
A large linear system with N solutions. . .

⇒


N1×N1︷︸︸︷
H1 hᵀ
h H2︸︷︷︸

N2×N2

 ·(c1
c2

)
= ω

(
c1
c2

)
N = N1 + N2 (25)

Row #2: h · c1 +H2 · c2 = ω c2 ⇒ c2 = (ω 1−H2)
−1 · h · c1 (26)

Row #1: H1 · c1 + hᵀ · c2 = ω c1 ⇒ H̃1(ω) · c1 = ω c1︸ ︷︷ ︸
A smaller non-linear system with N solutions. . .

(27)

H̃1(ω)︸ ︷︷ ︸
E�ective Hamitonian

= H1 + hᵀ · (ω 1−H2)
−1 · h (28)

Static approx. (e.g. ω = 0): H̃1(ω = 0)︸ ︷︷ ︸
A smaller linear system with N1 solutions. . .

= H1 − hᵀ ·H−1
2 · h︸ ︷︷ ︸

approximations possible…

(29)



QP and satellite energies of H2 at the G0W0@HF/6-31G level
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Regularized GW method

Regularized GW self-energy

Σ̃c
p(ω; η) = ∑

im
2(pi|m)2fη(ω− εHF

i + ΩRPA
m ) + ∑

am
2(pa|m)2fη(ω− εHF

a −ΩRPA
m ) (30)

Regularized quasiparticle equation

εHF
p + Σ̃c

p(ω; η)−ω = 0 with lim
η→0

Σ̃c
p(ω; η) = Σc

p(ω) (31)

Conventional energy-independent regularizer

fη(∆) = (∆± iη)−1 (32)

SRG-based energy-dependent regularizer [Evangelista, JCP 140 (2014) 124114]

fκ(∆) =
1− e−2∆2/κ2

∆
(33)



QP and satellite energies of H2 at the G0W0@HF/6-31G level
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Total energy of F2 at the G0W0@HF/cc-pVDZ level
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This is the end…

Thanks!



Dressed GW (1)

Linear GW with a two-determinant reference

H(P,QIA) =


εHF
P VP,QIA V2h1p

P V2p1h
P

VQIA,P CQIA,QIA C2h1p
QIA C2p1h

QIA

(V2h1p
P )ᵀ (C2h1p

QIA )ᵀ C2h1p 0
(V2p1h

P )ᵀ (C2p1h
QIA )ᵀ 0 C2p1h

 (34)

VP,QIA =
√

2(PQ|IA) (35)

CQIA,QIA = sgn(εHF
Q − µ)

[(
εHF
Q + εHF

A − εHF
I

)
+ 2(IA|IA)

]
(36)

C2h1p
QIA,klc = −2(IA|cl)δQk (37)

C2p1h
QIA,klc = +2(IA|kc)δQd (38)



Dressed GW (2)

Dynamical GW with a two-determinant reference

Σ(P,QIA)(ω) =

(
εHF
P + Σc

P (ω) VP,QIA + Σc
P,QIA(ω)

VQIA,P + Σc
QIA,P (ω) CQIA,QIA + Σc

QIA(ω)

)
(39)

Σc
P (ω) = V2h1p

P ·
(

ω1−C2h1p
)−1
·
(
V2h1p
P

)ᵀ
+ V2p1h

P ·
(

ω1−C2p1h
)−1
·
(
V2p1h
P

)ᵀ
(40)

Σc
QIA(ω) = C2h1p

QIA ·
(

ω1−C2h1p
)−1
·
(
V2h1p
QIA

)ᵀ
+C2p1h

QIA ·
(

ω1−C2p1h
)−1
·
(
V2p1h
QIA

)ᵀ
(41)

Σc
P,QIA(ω) = V2h1p

P ·
(

ω1−C2h1p
)−1
·
(
V2h1p
QIA

)ᵀ
+ V2p1h

P ·
(

ω1−C2p1h
)−1
·
(
V2p1h
QIA

)ᵀ
(42)

Σc
QIA,P (ω) = C2h1p

QIA ·
(

ω1−C2h1p
)−1
·
(
V2h1p
P

)ᵀ
+C2p1h

QIA ·
(

ω1−C2p1h
)−1
·
(
V2p1h
P

)ᵀ
(43)



T -matrix formalism


