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We consider closed-shell molecules (2 opposite-spin electrons per orbital)

... with finite (atom-centered) gaussian basis sets

Number of occupied orbitals O
Number of vacant orbitals V
Total number of orbitals N = 0+ V

¢p(r) is a (real) spatial orbital
i, j, k, L are occupied orbitals
a, b, ¢, d are vacant orbitals

p. g, r are arbitrary (occupied or vacant) orbitals

m indexes the OV single excitations (i — a)




S pentagon

BSE KS-DFT

What can you calculate with GW? I

> lonization potentials (IPs) given by occupied MO energies
> Electron affinities (EAs) given by virtual MO energies
» Fundamental (HOMO-LUMO) gap (or band gap in solids)

> Correlation and total energies

Hedin, Phys Rev 139 (1965) A796



nction and dynamical screening

One-body Green’s function in the quasiparticle approximation

¢l r ¢I r2 4’(1("1 ¢Pa rZ)
G(ry, ry; 1
(n 2 Z 6—!17 ; — €.t i O
removal part = IPs addition part = EAs )
Polarizability
P(r1,r2; ) = —é/G(n,rz; +wl)G(r1,r2;w/)dw’ (2)

Dielectric function and dynamically-screened Coulomb potential

€(r1,r2, )—5(!‘]—!‘2) /P|(:21'_r3,"3|)dr3 (3)
=1 .
W(r1, ra; )2/%&3 (4)




Dynamical screening in the orbital basis

Spectral representation of W

Wi ab( )ijfl’i(ﬁ)‘i’j(rl)w(h,rz; )pa(r2)Pp(r2)dridr,
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(static) exchange part
(dynamical) correlation part W¢, (<)

Electron repulsion integrals (ERIs)

I Pi(r 4’1 r1)¢a(r2)¢p(ra)

drqdr 6
i — 1] 2 ( )

(ijlab) =

Screened ERIs

(pglm) = Y (pqlia) (XM + YR™)ia )

ia

.
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Computation of the dynamical screening

Direct (ph-)RPA calculation (pseudo-hermitian linear problem)

ARPA BRPA ) (XI;]PA> on (XRPA)
. e m 6)
(_BRPA _ARPA yRPA m | yRPA
For singlet states: Aﬁm‘, = 6;j04(elF — efF) + 2(ial bj) BEI% = 2(ialjb) (9)J
(A-B)"?.(A+B)-(A—B)/?.2, =0% 7, (10)
(Xm+Ym) = Qr;]/z(A _B)+1/2'Zm (”)
(Xm_Ym) :Q$1/2(A _8)71/2'Zm (]2)
y

Tamm-Dancoff approximation (TDA) I

B=0 = A-X,=0Px_ (13)J

m




The self-energy

GVW self-energy I

%(r1,rp;0) = i G(ry,ry; +w')W(r1,r2;w’)ei’7“”dw/ (14)

y

S =al — L 1)
Ef(w) = Zp) = 2F —— i 1T e (19
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Quasiparticle equation

oyonequation

[G(r1,r2;0)] 7 = [Gur(rr, r2; )] 42 (r1, 125 0)
| S

HF Green’s function

(17)

4

Non-linear quasiparticle (QP) equation for Gy W,

eff +Z5(w) —w =0

W

= €

(s numbers the solutions)

(18)

v

Spectral weight or renormalization factor

0< 7,5 =

Conservation rules: ZZPYS =1 and ZvasegL’v = e;'F
8 8

9x5(w)
0

—eGW
==k

-1

<1

(19)

(20)




Solutions of the non-linear QP equation: Gy Wy @HF/6-31G for H, at R = 1 bohr
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Loos et al, JCTC 14 (2018) 3071

Véril et al, JCTC 14 (2018) 5220



QP energies of H; at the Gy W, @HF/6-31G level with 7 = 0
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QP energies of H; at the Gy W, @HF/6-31G level with 7 = 100 meV

80
60
. — HOMO (p=1, # = 100 meV)
% 40
~ — LUMO (p=2,7 = 100 meV)
% 20 p=s1
© . — LUMO+1 (p=3,% = 100 meV)
_20 — LUMO+2 (p=4, 7 = 100 meV)

0.4 0.6 0.8 1.0 1.2
Ry (A)



Upfolding the GW equations

A linear version of GW [ ] I3

2h1p 2p1h
ﬁ Vp Vp 2
HP) . () — ES’ZVC(PVS) with HP) = (Vlz) Py oo g and 7, = Hp:)] 1)

(VFZ,P”])T 0 c2pth

2h1p and 2p1h blocks

hip h
Cliaket = [(eiH T+ —e ) Ojtdac — 2(Ja|cl)] Vo = V2(pk|e) (22)
2p1h . h
Clabked = [(62” SC G;HF) Skac + 2(al|kc)]5bd VR = Va(pd|ke) (23)
y

Recovering the self-energy via downfolding

-1 —1
e ( ):vf,h‘P-(m—cz'”P) -(vf,h‘P) v (wl—CZP”‘) -(V,Z,P"‘)T (24)




din partitioning technique

Downfolding or dressing process [ ] "

Ni XN,
H hT
C C
Hoc—.c = J AT = ! N=N+N (25
—_—— h H, c (&)
A large linear system with N solutions... ~~
Ny X N,
Row#2: h-ci+Hy; ¢ =wc = = (w1=Hy) " -h-c (26)
Row #1: Hi-ci+hT -c; = = Hi(w) c1=we (27)
—_———
A smaller non-linear system with N solutions...
A () =H;+hT-(V1—Hy) " h (28)
——
Effective Hamitonian
Static approx. (e.g. <0 = 0): Hq(0 =0) =H;,— hT-H,'-h (29)
(S S —
A smaller linear system with N; solutions... approximations possible... )




QP and satellite energies of H; at the Gy Wy @HF/6-31G level
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2p1h determinant |122) are involved! 2p1h determinants |123) and |123) are involved!



Regularized GW method

Regularized GW self-energy
E5(win) =3 2(pilm)*fy(w — & + Q™) + Y 2(palm)fy(w — e3" = ") (30)
im am

-

Regularized quasiparticle equation

e +E5(win) —w =0 with lim S5 (i) = Z5() E7)

'

Conventional energy-independent regularizer

f(B) = (A+in)™! (32)

|

SRG-based energy-dependent regularizer [

2N /P
£(B) = % (33)

.




QP and satellite energies of H; at the Gy Wy @HF/6-31G level
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This is the end...

Thanks!



Dressed GW (1)

Linear GW with a two-determinant reference

2h 2p1h
€ i Vghlp Vgplh
p p
Heaw - | owr - Casan Carl Cau o9
(Vo' )T (CQIAP)T cHhe 0
(V,2)p1h)-|— (CZQp’Lh)T 0 CZp]h
Vp.qia = V2(PQ|IA) (35)
Camain = sgn (e — 1) [(eg"' +eF - e,HF> + 2(IA\IA)] (36)
2h1
Copane = —20IA[cD)éqx (37)

2p1h
Caare = H2(IAlke)dqq (38)
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Dressed GW (2)

Dynamical GW with a two-determinant reference

£(P.QA) () — ( €EF+Z§7( ) VP,QIA+Z‘7’,(cz/A( )> (39)
Vaiap + 204 p(@0)  Caiaqia + Zga(w)
5 (w) = VAP ( 1 szp) (Vﬁmp)T_,_vf)mh ( 1 szh)*1 ) (Vf)rﬂh)T (40)
=5 (w) = Cg}l‘p, ( 1— szp) (Vé*}LP)T +C§2pll‘h ( 1— Czp1h)—1 . (Vé;;l‘h)T (1)
55 (@) = V%Mp‘ ( 1— C2h1p)—1 . (Vg;l\p)T n V;plh . ( 1— C2p1h)—1 . (Vf{i}h)T (42)
S p(w) = CZP}LP, ( 1— Czh1p)—1 ' (V'ihlp)T +C2%h ) ( 1— Czp1h)—1 . (V;pm)T 3)
v




T-matrix formalism

Static and dynamic Bethe-Salpeter
equations in the T-matrix approximation
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