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How to perform a HF calculation in practice?

The SCF algorithm for Hartree-Fock (HF) calculations (p. 146)
@ Specify molecule {Ra} and {Z4} and basis set {¢; }
Q@ Calculate integrals Syy, Hyy and (pv|Ac)

© Diagonalize S and compute X = s1/2
@ Obtain guess density matrix for P

1. Calculate J and K, then F = H + J + K
. Compute F/ = Xt . F.X
. Diagonalize F’ to obtain C' and E
. Calculate C = X - C’
Form a new density matrix P = C - ct
. Am | converged? If not go back to 1.

o UA WN

@ Calculate stuff that you want, like Eiyf for example
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Motivations & As

Motivations Born-Oppenheimer Pauli HF wave function Excited determinants

@ We consider the time-independent Schrodinger equation
e HF is an ab initio method, i.e., there’s no parameter

@ We don’t care about relativistic effects

@ HF is the starting point of pretty much anything!

The HF approximation

o HF is an independent-particle model, i.e., the motion of one electron is considered to be independent of
the dynamics of all other electrons = interactions are taken into account in an average fashion

12N Ge
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The Hamiltonian

In the Schrodinger equation
HO({ri}, {Ra}) = E@({ri}, {Ra}) (1)

the total Hamiltonian is

[H =Ta+ T+ Voe + Vee + Von &)

What are all these terms?

o 7T, is the kinetic energy of the nuclei

o 7o is the kinetic energy of the electrons

Vhe is the Coulomb attraction between nuclei and electrons

@ Ve is the Coulomb repulsion between electrons

@ Vi is the Coulomb repulsion between nuclei

PF Loos The HF approximation
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The Hamiltonian (Take 2)

In atomic units(m=e= h=1)

o V?2is the Laplace operator (or Laplacian)
M V/24
== Lo, (Ga) .
A=1<MA @ My is the mass of nucleus A
N vz
Te=—) —* 3b
¢ =2 (3b) @ Zj is the charge of nucleus A
M N
, A
Ve = — AZ:] Z; a (3c) @ ri4 is the distance between electron i and nucleus A
==
N
Vee = l (3d) @ rjj is the distance between electrons i and j
— i
i<j U
Vo= Y 27 5 @ Rpg is the distance between nuclei A and B
nn — 2 R ( e)
A<B "AB

PF Loos The HF approximation
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Molecular coordinate system

i
riA=’|-R rj=06i-0
fa=t -R
A ja=Tj-Ra
i
Rys=R.-Rg
N\ Ry i T
B
Rg
(6) 4

i, = electrons
A,B 2 nuclei
2

Figure 2.1 A molecular coordinate system i, j = electrons, 4, B = nuclei

PF Loos The HF approximation
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The Born-Oppenheimer approximation

Born-Oppenheimer approximation = decoupling nuclei and electrons

Because M > 1, the nuclear coordinates are “parameters” = potential energy surface (PES)

o({ri), (Ra)) = - th Eor = Euect 3 2228
g A}) = anuc]({RA})(belec({rl}' {RA}) with  Eiot = Eelec + Z R 4
A<B NAB

Nuclear Hamiltonian

| A\

The nuclear Hamiltonian is

’Hnuclq>nuc| = <S'nuc|q>nuc| with "Hnucl = 7ﬂn + Vnn

®)

It describes the vibration, rotation and translation of the molecules
w

Electronic Hamiltonian

The electronic Hamiltonian is

Heleccbelec = gelec(belec with ‘ Helec = 7; + + Vee (6)

v
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Separability of the Schridinger equation

Problem:

“Assuming that H = Hp+ g with H\Y 5 = EAY 4 and Hg¥ g = EgY¥ p, find the expression of ¥ and E such
that HY = E¥”

PF Loos The HF approximation
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Separability of the Schridinger equation

“Assuming that H = Ha + Hg with Ha¥ 4 = EaY A and Fg¥ g = Eg¥ g, find the expression of ¥ and E such
that HY = E¥”

Solution:
Let’s try ¥ = Y 4¥ 5 and see if we’re lucky.
Then,

| A\

HY = (Ha+ Fg)¥a¥ 5
= A ¥AY¥s+ HsYA¥ 8
= EAY Y+ Eg¥a¥s
= (Ea+ Eg) ‘\F_:\lf_g
E ¥

\
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Spin of the electron

We are interested by electrons which are fermions = Pauli exclusion principle (cf next slide)

s2|s, ms) = s(s+1)|s, ms) s, |s, ms) = mg|s, mg)

|y = |3, 3) spin-up electron |B) = |3, —3) = spin-down electron

—

@
()

/a*(w)ﬁ(w)dw: B (w)a(w)dw =0 / *(w)a(w)dw = /;s
(a|B) = (Bla) =0 <\> (BIB)

=

The composite variable x combines and spatial (r) coordinates: | x = (w, r)

Antisymmetry principle

HeleceP(x1, X2, -+ -, XN) = EelecP (X1, X2, .- ., XN) )

D(X1, o Xjy oo X XN) = —D(X1, 0 Xy Xy XN) (10)

PF Loos The HF approximation
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Antisymmetry

“Show that, for a system of two fermions, the wave function vanishes when they are at the same point in
spin-space”

PF Loos The HF approximation
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Antisymmetry

“Show that, for a system of two fermions, the wave function vanishes when they are at the same point in
spin-space”
v
Indistinguishable particles means
2 2
1% 01 = [0, x0) P = ¥ 1, 30) = +¥(xz,x1) | (1)
”

PF Loos The HF approximation
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Antisymmetry

“Show that, for a system of two fermions, the wave function vanishes when they are at the same point in
spin-space”

Solution

| \

Indistinguishable particles means

1% 01 = [0, x0) P = ¥ 1, 30) = +¥(xz,x1) | )

Bosons mean ¥ (x1, x) = ¥(x2, x1) and mean

Let’s put them at the same spot, i.e. x = x71 = x3

For Fermions, ¥(x,x) = —¥(x,x) = m (12)

The wave function vanishes! = This is called the Fermi hole!

PF Loos The HF approximation
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Antisymmetry (Take 2)

Problem:

“Given two one-electron functions x1(x) and x2(x), could you construct a two-electron (fermionic) wave function
1I’r(X1 g Xz) ?”

PF Loos The HF approximation
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Antisymmetry (Take 2)

“Given two one-electron functions x1(x) and x2(x), could you construct a two-electron (fermionic) wave function
‘II(X] g Xz) ?”

Solution

| A

A possible solution is
F(x1,x2) = x1(x1)x2(x2) = x1(x2)x2(x1) (13)
This has been popularized by Slater:

= x1(x1)x2(x2) — x1(x2) x2(x1) (14)

Y(x1,x2) = ‘Q(’“) X2(x1)

This is called a Slater determinant!

A wave function of the form ¥ (x;, x2) = x1(x1)x2(x2) is called a Hartree product

PF Loos The HF approximation
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The HF wave function

A Slater determinant

xi(x1)  xa(x1) oo xw(xa)
Yhr(x1,x2, ..., xn) = L abae)  xebae) - anlba) = [x1(x1)xa(x2) .- xn(xn))
e VNI : : (15)
xixn)  xa(xn) oo xn(xn)
IA)m(x])Xz(xz)...)(N(xN) :AH(X1,X2 ..... xN)

o Ais called the antisymetrizer

o Il(x1,x2,..., xy) is a Hartree product

@ The many-electron wave function "PHF(M VX2, .. ,xN) is an antisymmetrized product of one-electron

functions )

PF Loos The HF approximation
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Spin and spatial orbitals

i(x) =0c(w)yi(r) = &(w) i(r) ~r:KC' r
xix) = 7(@)pi(r) ﬂwww> #(6) = L Gt 1)

These are restricted spin orbitals = Restricted Hartree-Fock = RHF

The spin orbitals are orthogonal

1 ifi=j

0 otherwise

umpz/ﬁmew=%={

| A

The spatial orbitals are orthogonal

(pily;) = /I/J;k (r)p;(r)dr = 6j; = Kronecker delta

The basis functions (or atomic orbitals) orthogonal

<‘PM|‘PV> = /<P;;(")(Pv(r)dr = Suy = Overlap matrix

PF Loos The HF approximation
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Spin and spatial orbitals (Take 2)

Comments

{¢uli =1,..., K} are basis functions or atomic orbitals (AOs)
{xili=1,...,2K} are the
{ili =1,..., K} are the spatial orbitals or molecular orbitals (MOs)

With K AOs, one can create K spatial orbitals and 2K

For the ground state, the first N are occupied and the last 2K — N are vacant (unoccupied)

When a system has 2 electrons in each orbital, it is called a closed-shell system, otherwise it is called a
open-shell system

For the ground state of a closed shell, the first N/2 spatial orbitals are doubly-occupied and the last
K — N/2 are vacant (unoccupied)

The MOs are build by linear combination of AOs (LCAO)

The coefficient Cy,; are determined via the HF equations based on variational principle

PF Loos The HF approximation
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Ground-state Hartree-Fock determinant

Motivations Born-Oppenheimer Pauli HF wave function Excited determinants

X2k
L]
L
L d
virtual
spin Xs
orbitals X,
L ]
L]
.
xN+|

occupied —_—— Xy,
spin
orbitals — kX,

Figure 2.4 The Hartree-Fock ground state
determinant, [xyx; © -~ Xakp® " XnD-
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Excited determinants

HF wave function Excited determinants

Reference determinant

The electrons are in the N lowest orbitals (Aufbau principle):  [¥o) = |x1.--XaXb---XN) (16)

Singly-excited determinants

Electron in a promoted in r:  [¥.) = [x1--- X/ Xb---XN) (17)

Doubly-excited determinants

. . . s\ __
Electrons in a and b promoted in rand s:  [¥7,) = |[x1... XrXs- - XN) (18)1
S S —
7{ L _t —i
- —x B '
o I BN
Dt RS SRRS——
.
a— v T oz :
ccoput | x, I It
ol | ———x - Xo H
- R =
——x e
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The Hartree-Fock energy

The HF energy is

‘ Exr = <THF|Helec + Vnn|lIIHF> ‘ where  Hejee = Te + Vie + Vee (19)

We define a few quantities:

o the one-electron Hamiltonian (or core Hamiltonian) = nice guy!

v: Mz

N
O1=Te+ Ve =) h(i) where h(i)=—-—L-3Y = (20)
= 2 ASTiA

o the two-electron Hamiltonian (electron-electron repulsion) = nasty guy!
N
02 = Vee = Z - (21)
i<y Tij

Therefore, we have

N N
Helec = Zh(l) + Zl (22)
i=1

i<j i

PF Loos The HF approximation
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The Hartree-Fock energy (Take 2)

o Nuclear repulsion:

(YHE| Van|FrE) = Van (YurPHE) = Vin (23)
@ Core Hamiltonian:
N N
(Fre|O1[Fhe) = Y (xa(1)[A(1)[xa(1) Z (24)
a=1 a=1

@ Two-electron Hamiltonian:

N
(¥l O2[¥ur) = Y [ (Xa(Dx6(2)]r55" [Xa(Dx6(2)) = (Xa(Dx6(2) 155" [x6(1)Xa(2))]
a<b
= jab - ’Cab b jab - K:ab) because Jaa = Kaa
a<b \ ~ 2 a=1bh=1
Coulomb  Exchange
(25)
o HF energy:
Enr = Z ha + Z jab_ ab (26)
a<b

PF Loos The HF approximation
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The Hartree-Fock energy (Take 3)

@ Coulomb operator

T 1xi(1)) = ()| |xi(2)) [xi(1) = {/ dxax} (x2)ry X (x2) | [xi(x1)) (27)
@ Coulomb matrix elements
T = T Mxi (1)) = xi(xi(2)| ' [xi (D (2))
= [ 2 ) () i ) (2 ) b i

@ (non-local) Exchange operator

(28)

Ki(0) xi(1) = () [ra " |xi(2)) [x,(1)) = {/ o] (xa)r xilxa) | |1 () (29)
@ Exchange matrix elements

Kij= xiIKMxi(1) = (x| [xi(Dxi(2))

(30)
= [ x5 o) c2) i s ()i (2 dxa

PF Loos The HF approximation
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Integral notations

Spin orbitals

A1 = (G161)) = [ 1} (x0)h(e ) ) G

(ijlkly = {xixjlxexo) —j Xi ()xj (x2) — Xk(x1)X1(X2)dX1dxz [ikljl] 32)
[iflkl] = Dl = [ x; <x1>x,-<x1>—xi<xz>xl<x2>dx1dxz = (ikljt) (33)
Gill ity = Gijlkd) = Giiltk) = [{ a7 (i) (x2) (1—Pn))ck(m)Xz(Xz)ddez (34)
Glbl7) = by = (ilbgs) = [ 97 (r)hCr) (e ) )

(1K) = (i) = [ 97 () (en) i (ra) () s i (36)

PF Loos The HF approximation
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Permutation symmetry

Permutation symmetry in physicts’ notations

(ijlkty = (xixjl xuxe) f Xi (x1)xj (x2) — Xk(x1)7(1(xz)dx1dx2 37)

Complex-valued integrals:  (ij|kl) = (jl\lk) = (kl|ij)* = (lk]ji)* (38)

Permutation symmetry in chemists’ notations

1
[kt = Deinieaocd = [ 25 0 x1) = X Oea) a2 bxa ey 39)

Real-valued integrals:  [ij|kl] = [ji|kl] = [ij|lk] = [ji|lk] = [kl|ij] = [lk|ij] = [klji] = [tk|ji]  (40)

PF Loos The HF approximation
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Slater-Condon rules: One-electron operators

O1 =Y h(i) (41)

(K|O1|K) =Y, (m|h|m) (42)

m

Case 2 = differ by one spinorbital: [K) = |...mn...) and |L) = |...pn...)

(K|O1|L) = (m|h|p) (43)

(K|O|t) = 0 @)

PF Loos The HF approximation
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Slater-Condon rules: Two-electron operators

N
Oy=3) ;' (45)

i<j

(KIO2|K) = 3 (mnlmon) (46)

(K|O2|L) = (mn||pq) (48)

PF Loos The HF approximation
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The Hartree-Fock energy: examples

Problem: Normalization of the HF wave function

“Show that the HF wave function built with two (normalized) spin orbitals x1 and X is normalized”

PF Loos The HF approximation
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The Hartree-Fock energy: examples

Ko

Problem: Normalization of the HF wave function

“Show that the HF wave function built with two (normalized) spin orbitals x1 and X is normalized”

¥, — 1 xa() Xz(”‘ _ xi(Mx2(2) — x1(2)x2(1)
F= V2 02 x(2) V2
(e Fur) = 2 G0 ()22(2) — (D2 o (D2(2) = 2 (D3:(2))
= % {(X1(1)X2(2)|X1(1)X2(2)) = i(Mr2@x2(1)x1(2))

= (Mxi1@)x(Mx2(2)) + <X2(1)X1(2)\X2(1)X1(2)>]

1
_5{1—0—0+1] =1

Remember that (x1(1)x2(2)[x1(1)x2(2)) = (x1(1)]x1(1)) (x2(2)[x2(2))

PF Loos The HF approximation
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The Hartree-Fock energy: examples (Take 2)

Problem: Core Hamiltonian

“Show that (¥ | O1|¥ ur) = 22/:1 hq for the same system”

PF Loos The HF approximation
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The Hartree-Fock energy: examples (Take 2)

Problem: Core Hamiltonian

“Show that (¥ | O1|¥ ur) = 22/:1 hq for the same system”

01 = h(1) + h(2)
(Furlh(1) + h(2)[¥uF)
= 5 0 (Mx2(2) = x1(2)x2(1)[A(1) + h(2) |31 (1)x2(2) = x1(2)x2(1))
= %[<X1(1)X2(2)\h(1) +h(2)[x1(Wx2(2)) — (1 (Mx2(2)[A(1) + h(2) [x2(1)x1(2))
— (2(Mx1(2)[A() + hQ2) X1 (Nx2(2)) + (K221 (2)| (1) + h(Z)\Xz(1)X1(2)>}

1
:5[h1+/‘l2—0—0+h2+h1] =h+h

=

PF Loos The HF approximation
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The Hartree-Fock energy: examples (Take 3)

Problem: Two-electron Hamiltonian

“Show that (¥ pr|O2[¥ nr) = 22/<b (Jap — Kap) for the same system and write down the HF energy”

PF Loos The HF approximation
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The Hartree-Fock energy: examples (Take 3)

Problem: Two-electron Hamiltonian

“Show that (¥ pr|O2[¥ nr) = 22/<b (Jap — Kap) for the same system and write down the HF energy”

o
O, =r

_ 1 _
<‘FHF|r1z1 [Yhe) = 5(7(17(2 — X2X1 \ru‘ Ixix2 — x2x1)

1 _ _
> [<X1Xz\r1z1|X1Xz> - <Xl)(2|l’1z1 Ix2x1)
~ Gl Ie) + (ol )
1
= E[ju _’CTZ_’C12+\712:| = \7]2 _’CIZ

Remember that (xzx1/r;' [x2x1) = (xixalmy'[xixz)

‘EHF:h1+h2+s712_’C12‘

PF Loos The HF approximation
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The Hartree-Fock energy: examples (Take 4)

Three-electron system

“Find the HF energy of a three-electron system composed by the spin orbitals x1, x2 and x3”

O1 = h(1) + h(2) + h(3)

_ i —1 =il
Or=r, +r3 +153

Enp = hi+hy + hs + To+ Tz + T3 — Kz — Kz — K3

PF Loos The HF approximation
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HF energy of He

Ko

T2 = (xixalxixz)
= (ala) (BIB) (Y191 [1¢p1) = Jn

K12 = (xixalx2xa)
= (a|B)(Bla) (g1 P1gpr) = 0

Triplet 1s2s state of the He atom

X1=at X2 =ay;
Ene(triplet) = Ay 4+ hy + J12 — Kq2 = by + ha + 12 — Ki2

Singlet 1s® state of the He atom

xi=apr  x2=Ppy
=h+h+Jo—Kn=

v

Singlet-triplet energy splitting

AEHF = EHF(tripIet) —
= (hy — M)+ (12 — i) —Knz
—_———  ~——

>0 <0

\

PF Loos The HF approximation
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HF Energy of Atoms

Problem: HF energy of the Li atom

“Find the HF energy of the Li atom in terms of the spatial MOs”

PF Loos The HF approximation
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HF Energy of Atoms

Problem: HF energy of the Li atom
“Find the HF energy of the Li atom in terms of the spatial MOs”

X1 = a1y X2 =B Xs=apy  xa=Ppy:
Enr = 2h1 + hy + i1 + 2)12 — K1z

PF Loos The HF approximation
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HF Energy of Atoms

Ko

Problem: HF energy of the Li atom
“Find the HF energy of the Li atom in terms of the spatial MOs”

X1 = a1y X2 =B Xs=apy  xa=Ppy:
Enr = 2h1 + hy + i1 + 2)12 — K1z

Problem: HF energy of the B atom

“Find the HF energy of the B atom’ in terms of the spatial MOs’

PF Loos The HF approximation
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HF Energy of Atoms

Ko

Problem: HF energy of the Li atom
“Find the HF energy of the Li atom in terms of the spatial MOs”

X1 =&t X2 =B X3 =at) Xa= P2
Eyr = 2h1 + hy + i1 + 212 — Knz

Problem: HF energy of the B atom

“Find the HF energy of the B atom’ in terms of the spatial MOs’

Enp = 2hy + 2hy + h3 + i1 +4)12 + Jo2 — 2K12 + 213 + 2Jp3 — Kiz — K3

PF Loos The HF approximation
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From spin to spatial orbitals

X3 X4

Two-electron example: Hy in minimal basis R 79

X|—HK—— ——X2

In the spin orbital basis, we have

Eur = (xalhlx1) + (xalhlx2) + (xaxalxixz) — (xixalxaxr)
= [xalhlxa] + [xalhlx2] + [xixilxaxal — xalxexil

Spin to spatial transformation: X3 Xa

x1(x) = ¥1(x) = ¢ (r)a(w) X,
x2(x) = 1 (x) = ¢ (r)p(w)

Enr = [1|hlgn] + [Pl AlP1] + [p19p1|Pripa] — (1| Prypa]

Therefore, in the spatial orbital basis, we have —_—

Eur = 201 A1) + (pralgrgn) = 20041 + (11]11) | ———w

——

PF Loos The HF approximation
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From spin to spatial orbitals (Take 2)

One-electron terms

[x1lhlx4] Z/X (x)dx
= [a" h(r)a(w)p(r)dwdr
] rimiss
=i (W] A1)

altle] = [ 15 (0h(r)xa(x)dx

= [ B* (@) () h(r)B () (r)doodr

= ﬁ*(w)ﬁ(w)dw] [ vi@nepar

(¢1]hlr)
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From spin to spatial orbitals (Take 3)

belxanal = [ x5 0a)x (x1) g x5 (x2) xa (x2) dxa e
= [ & (W) (m)a(wn)r (r)ry' B (w2) ] (r2) B(ws) i (2) deon dry dewydiry
= | [ wnatwndon] | [ B (@nptn)dan] [[] wieenters'vi e dnar

= —1 (1 [ry1)

[axzlxaxil = f X3 (a)x2(xa) ' x5 (x2) X1 (x2) dxadx;
= [[ & (Wi (r)Blwr) i (m) g B (w2) 7 (r2)a (w3 )1 (r2) deon dry deoadiry

= | [ & @ip@idan| | [ 5 (wnnt@adn| [[] w3t vi ) ps (e
=0 =0 (191 |p191)
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From spin to spatial orbitals (Take 4)

General expression

N 1NN N/2 N/2N/
Enr = ) _[alh|a] + > Y Y ([aalbb] — [ab|ba]) = 2') _ (alh|a) + ) | Z [2(aa|bb) — (ab|ba)] (49)
a a b a a p

4

N
Zalh\a] Z[a\hlaHZ[a\hlal—ZZ alh|a] (50)

2 N/2N/2 B
([aa|bb] — [ab|ba]) + Y Y ([aa|bb] — [ab|ba])
@ b

Z
~

2N,

~

X 1
Y_ ([aalbb] — [ab|ba]) = 2{
b

nm_‘z
~[~]
=[]

N/2N/2 N/2N/2
+ Y Y ([aa|bb] — [ab|ba]) + Y, Y ([aa|bb] — [ab|ba]) (51)
a b a b
N/2N/2

[2(aa|bb) — (ab|ba)]

=L

=[]
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The Fock matrix

Using the variational principle, one can show that, to minimise the energy, the MOs need to diagonalise the
one-electron Fock operator

N
f)=h(1)+ Y [Ta(1) = Ka(1)]

—_—
vHF(1) = Hartree-Fock potential

For a closed-shell system (i.e. two electrons in each orbital)
N/2
F(1) = h(1) + Y [2Ja(1) — Ka(1)]  (closed shell)

a

These orbitals are called canonical molecular orbitals (= eigenvectors):

() 9i(1) = eipi(1) |

and ¢; are called the MO energies (= eigenvalues)

PF Loos The HF approximation
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Fock matrix elements in the MO basis

Problem:

“ Find the expression of the matrix elements fj; = <)(,~|f‘)(j>”
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Fock matrix elements in the MO basis

Problem:

“ Find the expression of the matrix elements f;; = <)(,-|f‘)(j>”

(xilflx;) = (xilh+ 3 (Ta = Ka)|x5)
= <Xf|h|7cj>+;(<x:-!~7a\xf'> — (xilKalx;))
= (ilhlj) +)_ [(ialja) — (ia| )]
= (ilhlj) + ) (ial|ja)

PF Loos The HF approximation
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MO energies in the MO basis

“ Deduce the expression of ¢;”

PF Loos The HF approximation
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MO energies in the MO basis

“ Deduce the expression of €;”

flxn =eilxiy = xilflxi) =& (xilxi) = &
= g = (ilhli) + ) [(ialia) — (ia|ai)]

= ¢ = (ilhiy+ Y (ial|ia)
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The variational principle

Problem

“Let’s suppose we know all the functions such as Ho; = E;q;, with Ey < Ey < ... and {@;|@;) = &;;. Show that,
for any normalized ¥, we have E = (¥|H|¥) > E”
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The variational principle

“Let’s suppose we know all the functions such as Ho; = E;q;, with Ey < Ey < ... and {@;|@;) = &;;. Show that,
for any normalized ¥, we have E = (¥|H|¥) > E”

| A

Solution

We expand ¥ in a clever basis

(o] (o]
‘I’:Zc;(p; with Zc,-z:1
i i

N
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The variational principle

“Let’s suppose we know all the functions such as Ho; = E;q;, with Ey < Ey < ... and {@;|@;) = &;;. Show that,
for any normalized ¥, we have E = (¥|H|¥) > E”

| A\

Solution

We expand ¥ in a clever basis

(o] (o]
‘I’:Zc;(p; with Zc,-z:1
i i

E= (¥|A[Y) = { Y cigi| i} cio; ) =Y cici (9il | @)
i j ij
= L aiqE (9ile;) = Y aqEdy = ) GE > B ) ¢ = E
ij ij i i

N
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Koopmans’ theorem

HF energy Integrals Slater-Condon Examples Spin to spatial Fock matrix Variational principle

e Ko

Ground-state energy of the N-electron system

Ng, = Zh A= Z (ab||ab) (52)

A\

Energy of the (N — 1)-electron system (cation)

N4&72m+ Y Y (ab|ab) (53)

a#tc a;éc b#c

lonization potential (IP)

ip=N"Tg.—Ng
1 1

= —{(c|h|c) — 2L {ac||ac) — ; (cb]|cb) (54)
= —{c|hlc) =) _ <ac\|ac = —¢g.
a

A
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Koopmans’ theorem for electron affinity (EA)

Problem:

“Show that Koopmans’ theorem applies to electron affinities”
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Koopmans’ theorem for electron affinity (EA)

Problem:

“Show that Koopmans’ theorem applies to electron affinities”

EA:NEO_N+1EF

= (rlhlr) = }_ {ral|ra) (55)

a

= —¢,

PF Loos The HF approximation
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Roothaan-Hall equations: introduction of a basis

K K
Pi(r) =Y Cuigu(r) = D =) Cuilp
" "

K AOs gives K MOs: N/2 are occupied MOs and

Roothaan-Hall equations
fliy=¢iliy = fY Cilv)=¢) Cilv)
v v
= (yleCm\w:s[W\ZCva)
v
= ) Giulflv) ZCV, (ulv)
v

= Z EltVCVi = Z S}tvcvigi
v v
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Introduction of a basis (Take 2)

Basis set approximation Fock matrix Density matrix & Integrals

HF energy SCF Properties

Matrix form of the Roothaan-Hall equations

F-C=S-C-E & F.c'=CE (56)
F=x"F.Xx c=x.-cC xt.s.x=1 (57)
o Fock matrix Fyy = (p|f|v) and Overlap matrix S, = (p|v)
@ We need to determine the C and the orbital energies E
Cn G2 Cik 0 0
Cn Cp Cak ) 0
C = E= (58)
Ck1 Ckz2 Ckk 0 - ex
Self-consistent field (SCF) procedure
F(C)-C=S-C-E How do we solve these HF equations? (59)
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Expression of the Fock matrix

Problem:

“Find the expression of the Fock matrix in terms of the one- and two-electron integrals”

PF Loos The HF approximation
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Expression of the Fock matrix

Problem

Find the expression of the Fock matrix in terms of the one- and two-electron integrals

Solution

Fuv = V|h+2 Ka)lv) —Hw+2 (M Ta — Kalv)
= Hyy + Z( (uxalriy' vXa) = (pxalriz'|xav))

N
= Huw + 33 CraCoal (pAlry ' [ve) = (pAlry'lov))

a Ao

= Hyu +Z Pro((uAlve) — (uAlov)) = Hyy + Y Pag (pA||vo) = Hy + G
Ao

1
Fuv = Huw + ) Prg((uA|vo) — E(;u\|m/>) (closed shell)
Ao
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One- and two-electron integrals (Appendix A)

One-electron integrals: overlap & core Hamiltonian

Sw = (1) = [ ¢p()pu(r)d (60) ®

Hw = Il = [ GLOR (1) 61

Chemist/Mulliken notation for two-electron integrals

]M/|/\0’ ff¢” rq (PV r1 2¢/*\(r2)47‘7(r2)dr1dr2 (62)
(nvl|A0) = (pv|Ao) — (polAv) (63)

Physicist/Dirac notation for two-electron integrals

(nv|Ac) = jj (])u r) ¢y (r2) qb,\(n)gbg(rz)dr]drz (64)
(120} = {410} — (lon) (5

PF Loos The HF approximation
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Computation of the Fock matrix and energy

Density matrix (closed-shell system)

N/2
P =2 CuaCua or (60
a
Fock matrix in the AO basis (closed-shell system)
Fuv = Huw + ZP)\U Hv|Ao) — ZP?\U Ho|Av) (67)
Jyw= Coulomb Kjy= exchange

HF energy in the AO basis (closed-shell system)

1 1 1
EHF - ZP]WH}AL/ + 5 Z P‘m,/ (]/lV|)\U) — E(VUV\V) P)‘g— or EHF = ETF[P o (H + F)] (68)
v WvAo
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Expression of the HF energy

Problem:

“Find the expression of the HF energy in terms of the one- and two-electron integrals”
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Expression of the HF energy

Problem:

“Find the expression of the HF energy in terms of the one- and two-electron integrals”

N N
1
Enr = Zha + > Z(jab — Kap) (cf few slides ago)
a ab

) (o) (5o (55 (5o )

1
Hyv + E /\Z:P/\tr (]")‘| |VU>:|
o

h

= i <; Cuady

=) P
[T
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How to perform a HF calculation in practice?

The SCF algorithm
o {Ra} and {Zx} and basis set {¢, }
Q Calculate integrals Sy, Hyy and (pv|Ac)

@ Diagonalize S and compute X
@ Obtain guess density matrix for P

1. Calculate G and then F=H + G
Compute F/ = X' - F. X
Diagonalize F’ to obtain C’ and E
Calculate C = X - C’
Form a new density matrix P = C - C*
Am | converged? If not go back to 1.

e G0 > @9 [

@ Calculate stuff that you want, like Eyf for example

PF Loos The HF approximation
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Orthogonalization matrix

Basis set approximation Fock matrix Density matrix & Integrals

HF energy SCF Properties

We are looking for a matrix in order to orthogonalize the AO basis, i.e. X' - §-X =1

Symmetric (or Lowdin) orthogonalization

X =5"12=uy.s 2. U"is one solution...

Is it working?

xt.s.x=5"12.5.671/2 _g=1/2.g.g=1/2 |

(69) (a) Schmidt

(70)

Canonical orthogonalization

X = U-s~ "2 is another solution (when you have linear dependencies)...

Is it working?

xts.x=s"2.Ut s us =1

~—

S

v (72)

(b) symmetric

71

(c) cananical

PF Loos
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How to obtain a good guess for the MOs or density matrix?

Possible initial density matrix

@ WecansetP=0=F = H ( )
= Usually a poor guess but easy to implement

@ Use EHT or semi-empirical methods:
= Out of fashion

@ Using tabulated atomic densities:
= “SAD” guess in QChem

@ Read the MOs of a previous calculation:
= Very common and very useful

PF Loos The HF approximation
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How do | know | have converged (or not)?

Convergence in SCF calculations

@ You can check the ;
= The energy/density should not change at convergence

@ You can check the commutator F-P-S — S - F
= At convergence, we have F-P-S —S-P -

@ The DIIS (direct inversion in the iterative subspace) method is usually used to speed up convergence:
= Extrapolation of the Fock matrix using previous iterations

m

Fnt1= Y, cF;

i=m—k

PF Loos The HF approximation
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Dipole moments

Classical vs Quantum

w= (e py pz) = )_qiri 73)

N——
classical definition

N M M
p= (pxs iy, z) = (Fol—= Y ril¥o) + ) ZaRa ==Y Pu(v|r|p) + ) ZaRa (74)
i A A

uv
—_———— ~—

electrons nuclei

”
Vector components

M
po= =L Pl + Dz with @) = [ @) xgu(e)dr (75)
uv A SN——
one-electron integrals

\
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Charge analysis

Electron density

24’” r)Puvy(r)  with /p(r)dr: N = N=) PuwSy =) (P:S)uu=Tr(P:S) (76)
7z

=
<
A\

Mulliken population analysis

Assuming that the basis functions are atom-centered
qllx\ulliken =Z4— 2 (P . S)W‘ (77)
———

HEA
net charge on A

\

Lowdin population analysis

Because Tr(A - B) = Tr(B - A), we have, for any a, N =}, (§* - P-§"%)

Fora =1/2,weget: N=) (§V2-P-8V2),, = ¢™n=2z,-Y (s"2.P-8"?),, (19
M UEA
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Unrestricted HF (UHF)

How to model open-shell systems?

@ RHF is made to describe closed-shell systems and we have used

RHE () — {a(wm-(r)

X B(w) i(r)

o It does not describe open-shell systems

o For open-shell systems we can use unrestricted spin orbitals
UHF a(w)
xi (x) = { B
Blw) ¢y (r)
o RHF = Hartree-Fock <+ Roothaan-Hall equations

@ UHF = Unrestricted Hartree-Fock <> Pople-Nesbet equations
@ Restricted Open-shell Hartree-Fock (ROHF) do exist but we won’t talk about it

PF Loos The HF approximation
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Unrestricted Hartree-Fock equations

UHF UHF equations Pople-Nesbet SCF for UHF

UHF equations for unrestricted spin orbitals

To minimize the UHF energy, the unrestricted spin orbitals must be eigenvalues of the a and B Fock operators:

| POy =) (79)
where
N NE
0+ Yl ]+ Y k() (80)
N{X

(1) = h(1) + Z[Ja KEI+Y (81)

The Coulomb and Exchange operators are
= [ ¥7@)ri'yf (2)drs KO0 = | [ 9@ @) 6
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Unrestricted Hartree-Fock equations (Take 2)

UHF energy

The UHF energy is composed by three contributions:
Eunr = + Eff + Efe (83)
which yields
e T8 VLR T B0 3 @
a a a
The matrix elements are given by
W = (97 1hly?) 57 = (yed |wied ) ke = (o7f|erus) @9
Note that Kgﬁ = 0 & there is no exchange between opposite-spin electrons

PF Loos The HF approximation
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UHF energy of the Li atom

“Write down the UHF energy of the doublet state of the lithium atom”

PF Loos The HF approximation
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UHF energy of the Li atom

“Write down the UHF energy of the doublet state of the lithium atom”

Eunr = b+ BE 4+ B + 13 — K+ S0 1 )50

PF Loos The HF approximation
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The Pople-Nesbet Equations

Expansion of the unrestricted spin orbitals in a basis

K K
=) Gue ¥l = X Cluln) (&)
p=1 p=1
.CY=S§.C" . E* FP.cP=s.cP. EP (87)
= Hyw + ) Pagl(pvloA) — (uAlov)] + Z (uvlod) (88)
Ao
Fl = H + TP [(wvlo) = (uh )] + L Py (uvlod) (59)
Ao Ao
and FP are both functions of C* and CP = There’s a coupling between & and 8 MOs!

PF Loos The HF approximation
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Unrestricted Density Matrices

Spin-up and spin-down density matrices

o s _ ¥ 5 g
=Y., e Piv =Y CpaCla & PP (90)
a=1 a=1

Properties of the density (o = « or B)

07(F) = L ou(r) P (r) [ o7 w)dr = N7 o
nv

Total and Spin density matrices

PT  =p'+PP PS =p PP (92)
~—~— ~—
Charge density Spin density

PF Loos The HF approximation
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How to perform a UHF calculation in practice?

Q {Ra} and {Zs} and basis set {¢, } (same as RHF)
Q Calculate integrals Sy, Hyy and (uv|Ac) (same as RHF)
@ Diagonalize S and compute X (same as RHF)

@ Obtain guess density matrix for P* and PP

la. Calculate G* and then F* = H + G*

1b. Calculate GP and then FF = H 4+ GP

2. Compute (F*)' = X' - F*. X and (FF) =X . FP . X

3a. Diagonalize (F*)’ to obtain (C*)" and E*

3b. Diagonalize (FP)’ to obtain (CP)’ and EP
Calculate C* = X - (C*)" and CP = X - (CP)’
Form the new new density matrix P* and P?, and compute PT = P* 4+ PP
Am | converged? If not go back to 1.

e Pu >

@ Calculate stuff that you want, like Eypyr for example

PF Loos The HF approximation
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Good books

o Introduction to Computational Chemistry (Jensen)

Essentials of Computational Chemistry (Cramer)

@ Modern Quantum Chemistry (Szabo & Ostlund)

@ Molecular Electronic Structure Theory (Helgaker, Jorgensen & Olsen)

PF Loos The HF approximation
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