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Introduction Motivations

Accurate energies with quantum Monte Carlo (QMC)

Trial wave function for QMC

ΨT(R) = eJ(R)
∑
I

cID
↑
I (R↑)D↓I (R↓)

The multideterminant part is obtained via the (selected FCI) CIPSI algorithm
Giner et al. JCP 142 (2015) 044115

We may use a “minimal” (nodeless) Jastrow J(R)

The water molecule [Caffarel et al. JCP 144 (2016) 151103]
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Introduction Motivations

Chromium dimer

Table: Variational ground-state energy E (0) and second-order contribution E (2) of the Cr2

molecule with bond length 1.68 Å computed with various basis sets. For all basis sets, the
reference is composed of 2 × 107 determinants selected in the valence FCI space (28 electrons).

Reference Basis Active space E (0) E (2) E (0) + E (2)

CIPSI cc-pVDZ (28e,76o) −2087.227 883 3 −0.068 334(1) −2087.296 217(1)
cc-pVTZ (28e,126o) −2087.449 781 7 −0.124 676(1) −2087.574 423(1)
cc-pVQZ (28e,176o) −2087.513 373 3 −0.155 957(1) −2087.669 330(1)

⇒ We need to get to the CBS limit faster!
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Introduction Motivations

QMC without Jastrow: dissociation of FeS

What Who D0 (in eV)
Exp. Matthew et al. 3.240 ± 0.003
CAS/Jastrow/opt Hagagi-Mood/Luchow 3.159 ± 0.015
FCI/DMC/extrap Scemama and co 3.170 ± 0.015

Hagagi-Mood & Luchow, JPCA 121 (2017) 6165
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Introduction Problems

Issues

What we don’t want...

/ redundant work between Jastrow and multideterminant part

/ chemical intuition and/or user input

// stochastic optimization

What we want...

, a systematic, black-box procedure

, compact FCI expansions

, the exact (non-relativistic) energy, i.e. minimizing the fixed-node error

,, a massively parallel implementation

⇒ Explicitly-correlated FCI (selected if possible), i.e. FCI-F12 method
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Theory Ansatz

Ansatz

Wave function ansatz

|Ψ〉 = |D〉︸︷︷︸
conventional FCI

+ |F 〉︸︷︷︸
explicitly correlated

|D〉 =
∑
I

cI |I 〉 |F 〉 =
∑
I

tI Q̂f |I 〉

projector: Q̂ = 1̂−
∑
I

|I 〉〈I | correlation factor: f =
∑
i<j

fij

Correlation factor: Slater geminal fitted with Gaussian geminals

f12 =
1− exp(−λr12)

λ
= r12 +O

(
r 2

12

)
exp(−λr12)︸ ︷︷ ︸
Slater geminal

≈
NGG∑
ν=1

aν exp
(
−λνr 2

12

)
︸ ︷︷ ︸
Gaussian geminal

Ten-no, CPL 398 (2004) 56; Tew & Klopper, JCP 123 (2005) 074101
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Theory Dressing

Effective Hamiltonian theory

Dressing the FCI matrix

Ĥ |Ψ〉 = E |Ψ〉 〈I |×
==⇒ cI

[
HII + c−1

I 〈I |Ĥ|F 〉 − E
]

+
∑
J 6=I

cJHIJ = 0.

H̊IJ =

{
HII + c−1

I 〈I |Ĥ|F 〉, if I = J,

HIJ , otherwise.

Dressing term

〈I |Ĥ|F 〉 =
∑
J

tJ

[
〈I |Ĥf |J〉 −

∑
K

HIK f KJ

]
︸ ︷︷ ︸

incomplete basis set correction

,

⇒ The amplitudes tI ’s are obtained to satisfy the e-e cusp conditions (SP ansatz)
Ten-no, JCP 121 (2004) 117
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Theory Many-electron integrals

Three- and four-electron integrals over Gaussian geminals

Master
C12

G13 G14G23

G34

Z1Z2

Z3 Z4

Trident
C12

G13 G14

Z1Z2

Z3 Z4

C12G13G14

Nsig = O
(
N2

)

4-chain
C12

G14G23

Z1Z2

Z3 Z4

C12G14G23

Nsig = O
(
N2

)

4-chain
C12

G13

G34

Z1Z2

Z3 Z4

C12G13G34

Nsig = O
(
N2

)

Cyclic

C12

G13G23

Z1Z2

Z3 Z4

C12G13G23

Nsig = O(N)

3-chain
C12

G23

Z1Z2

Z3 Z4

C12G23

Nsig = O
(
N2

)

3-chain

G13G23

Z1Z2

Z3 Z4

G13G23

Nsig = O(N)

λ14 = λ34 = 0

λ
13 =

λ
34 =

0

λ 1
4
=
λ 2
3
=
0

λ23 = λ34 = 0

λ 1
3
=
λ 1
4
=
λ 3
4
=
0

λ
14 =

λ
34 =

0

m
=
0

Primitive
shells
|a]

[B2]

|a]

|b]

〈B2〉
Contracted
shell-pairs

|ab〉
〈B4〉

|a1b1〉

|a2b2〉

Contracted
shell-quartets
|a1b1a2b2〉

〈B6〉

|a1b1a2b2〉

|a3b3〉

Contracted
shell-sextets
|a1b1a2b2a3b3〉

〈B8〉

|a1b1a2b2a3b3〉

|a4b4〉

Contracted class
〈a1a2a3a4|b1b2b3b4〉Contraction

Ktot > 1

Barca, Loos & Gill, in preparation
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Theory RI approximation

Resolution of the identity (RI) approximation

RI approximation

1̂ =
∞∑

A∈A

|A〉〈A|

Dressing term

〈I |Ĥ|F 〉 =
∑
J

tJ

[∑
A∈A

HIAf AJ −
∑
K∈D

HIK f KJ

]
=
∑
J

tJ
∑
X∈C

HIX f XJ ,

CABS

occupied
space {i}

virtual
space {a}

orbital space {p}
{p} = {i} ∪ {a}

complementary

virtual space {α}
{p} ∩ {α} = ∅

complete

orbital
space

Valeev, CPL 395 (2004) 190
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Theory Algorithm

Algorithm

Self-consistent dressing of the FCI matrix

1: procedure Dressed FCI-F12
2:

3: Perform a (selected) FCI calculation to get |D〉 =
∑

I cI |I 〉
4: Compute extra integrals, e.g. 〈I |Ĥf |J〉
5:

6: while |∆E | > τ do
7: Determine tI ’s to satisfy e-e cusp conditions
8: Form the dressed Hamiltonian H̊
9: Diagonalize H̊ to get a new set of cI ’s and energy E

10: end while
11:

12: Return useful quantities for QMC, i.e. cI ’s and tI ’s
13:

14: end procedure

⇒ It can be “embedded” in the Davidson diagonalization
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Example Model system

Illustrative calculations on a two-electron system

Paradigm: “Two electrons on a 3-sphere”

Singlet pair of electrons on a surface of a 3-sphere of radius R ⇒ uniform density!
Loos & Gill PRL 103 (2009) 123008; JCP 135 (2011) 214111

Everything can be done analytically ⇒ great to test approximation(s)!
Loos & Gill PRA 79 (2009) 062517

For R = 1, Ec ≈ −40.2 mEh ⇒ similar to He!
Loos & Gill PRL 105 (2010) 113001; CPL 500 (2010) 1

Pierre-François Loos (LCPQ, CNRS/UPS) FCI-F12 TouCAM 2017 12 / 14



Example Model system

Illustrative calculations on a two-electron system

Convergence of the correlation energy: R = 1, LRI = 3L and f12 = r12
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Conclusion Concluding remarks

Concluding remarks

Things to explore further...

Design a selected version of the algorithm

Three-electron integrals or RI tricks?

More generally, how do we get the nodes right?

Future directions...

Efficient and massively parallel implementation in Quantum Package
https://github.com/LCPQ/quantum_package

We are currently working on a similar methodology to enforce the electron-nucleus
cusp in QMC calculations
Loos, Scemama & Caffarel, in preparation.
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