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Intro
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Trial wave function

Accurate energies with quantum Monte Carlo (QMC)

Trial wave function for QMC

Wr(R) = e’®> "¢ D/(R") D} (RY)
!

m The multideterminant part is obtained via the (selected FCI)

Giner et al. JCP 142 (2015) 044115

m We use a "minimal” (nodeless) Jastrow J(R)
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Example

A concrete example

The water molecule [Caffarel et al. JCP 144 (2016) 151103]

TABLEI Number of determinants and corresponding variational energies for CIPSI expansions used in DMC for
each cc-pCVnZ (n =2 to 5) basis set. Last column: Deviations of the variational energy to the best FCI estimates

of Almora-Diaz.?” Energies in atomic units.

Basis set FCl size # dets used in DMC Eyr FCI, Almora-Diaz?’ Deviation
ce-pCVDZ ~1010 172256 ~76.282136 ~76.282 865 0.0007
cc-pCVTZ ~2-10% 640426 ~76.388287 ~76.390 158 0.0018
cc-pCVQZ ~2-10"7 666927 ~76.419324 ~76.421 148 0.0018
cc-pCV5Z ~7-10'° 1423377 ~76.428 550 ~76.431 105 0.0025

TABLE II. All-electron DMC energies (in a.u.) obtained with CIPSI nodes
for each basis set. Second column: Increase of CPU time due to the use of the
large multideterminant expansion.

Basis set[Ndets] Tepu(Ndets)/ Tepu(1det) EgH©

cc-pCVDZ[172256] ~101 ~76.41571(20)
cc-pCVTZ[640426) ~185 ~76.43182(19)
cc-pCVQZ[666 927] ~128 ~76.43622(14)
cc-pCV5Z[1423377] ~235 ~76.43744(18)

Pierre-Francois Loos

TABLE III. Comparison of nonrelativistic ground-state total energies of
water obtained with the most accurate theoretical methods. Energies in a.u

Clark et al.,” DMC (upper bound) 76436 8(4)
This work, DMC (upper bound) ~76.43744(18)
Almora-Diaz,?” CISDTQQnSx (upper bound) 764343
Helgaker et al.”” R12-CCSD(T) ~76439(2)
Muller and Kutzelnigg, " R12-CCSD(T) 764373
Almora-Diaz,?’ FCI + CBS ~76.43869)
Halkier et al.,” CCSD(T) + CBS ~76.4386
Bytautas and Ruedenberg, " FCI + CBS ~76.4390(4)
This work, DMC + CBS ~76.43894(12)
Experimentally derived estimate?* 764389

CPQ, CNRS/UPS
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CIPSI

Section 2

CIPSI
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History

The CIPSI method

CIPSI = CI using a Perturbative Selection made Iteratively

m Based on old idea by Bender and Davidson (1969)

m Further developments in Toulouse many years ago
(Malrieu, Evangelisti, Daudey, Spiegelman, etc)

m CIPSI is a good candidate for massively parallel wave function calculations
(PhD E. Giner and Y. Garniron)

m Open-source code: QUANTUM PACKAGE (A. Scemama)
https://github.com/LCPQ/quantum_package

Pierre-Francois Loos LCPQ, CNRS/UPS
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https://github.com/LCPQ/quantum_package

History

Color code

Internal vs External

m Red: Variational/Internal wave function

m Green: External wave function (perturbation)

Pierre-Francois Loos LCPQ, CNRS/UPS
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CIPSI algorithm

Define a reference wave function:

_ _ (VIHV)
|W>—ZC1|/> Evar—W

1eD

Generate external determinants:

)]

A= {(w € D) (vf €T u73) o) = ﬂ/)}
Second-order perturbative contribution of each |o):

; | (W[H|o?
0E = ===
@, Ear — (|H|c)
Select |o) with largest E(c) and add them to D
Diagonalize H in D = update |V) and E..

@A lterate

(o[~ |

Giner, Scemama & Caffarel, JCP 142 (2015) 044115
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Example

CIPSI on the Titanium atom

Energy (au)

Pierre-Francois Loos
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Intro CIPSI

Comments

Few remarks...

m When all |/) are selected, we obtain the
m CIPSI is more an algorithm than a method

m CIPSI generates various wave function methods:
CID, CISD, CISDT, CAS, CASSD, MRCI, etc.

m Most of wave function methods can be performed a la CIPSI

Pierre-Francois Loos




PT2

PT2 correction

How do we know how far we are from the “true” FCI?

Epro =Y _6E(a)

m |a)'s with largest dE(a) have been added to W previsouly
= only small contributions remaining

m A increases with D
= a very large number of very small contributions

m In practice, not all |o) are generated
= cheaper selection but Epts is biased.

rancgois Loos




Example

CIPSI on the Titanium atom

Energy (au)
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Excited states

Excited states of cy.

H2N ZNHz

HaN A 2NH3

HIN AP NHS

HoN AN HE

HaN AN

CN3
CNs
CN7
CNg

CN1q

Difference with respect to exCC3 (eV)

Cyanines singlet excitation energies

Number of carbon dloms

Boulanger et al. JCTC 10 (2014) 1212

T —T
v vy
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Excited states

Excited states of cyanines

Computational details: CAS in 7 space (aug-cc-VDZ)

Cyanines  Size of CAS Nyet Size of PT2 Epto

CN3 (2,31) 101732  (18,111) 2x10°
CN5 (4,49) 1435094  (28,173) 2x107*
CN7 (6,67) 19554962  (38,235) 6 x 10~*
CN9 (8,85) 10892791  (48,297) 4 x 1073
CN11 (10,103) 2595979  (58,359) running

Pierre-Francois Loos LCPQ, CNRS/UPS
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Excited states

Excited states of cyanines

Vertical excitation energy of cyanines (in eV)

Method Cyanines Reference
CN3 CN5 CN7 CN9 CN11

TD-DFT calculations
TD-B2PLYP 7.30 5.05 3.92 3.25 2.80 Send
TD-CAM-B3LYP  7.55 5.26 4.12 3.44 2.97 Send
TD-MO6-2X 5.23 4.09 3.41 2.95 Jacquemin

Reference calculations
exCC3 7.16 4.84 3.65 2.96 2.53 Send
DMC 7.38(2) 5.03(2) 3.83(2) 3.09(2) 2.62(2) Send
CASSCF 7.62 5.30 3.89 2.98 2.37 Send
CASPT2 7.19 4.69 3.53 2.81 2.46 Send
GW/BSE 4.80 3.63 2.96 2.48 Boulanger

Wave function methods
FCl 7.27
FCI(7)+PT2(c) 7.65 4.99 3.95 3.35
FCI(7) 7.62 5.27 3.93 3.12 2.68
QMC methods

DMC/FCI(7) 7.57(3)  5.03(11)

Send et al. JCTC 7 (2011) 444; Jacquemin et al. JCTC 8 (2012) 1255; Boulanger et al.

JCTC 10 (2014) 1212
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Section 3

MR-PT2
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Theory

Hybrid PT2 correction

THE JOURNAL OF CHEMICAL PHYSICS 147, 034101 (2017)

Hybrid stochastic-deterministic calculation of the second-order
perturbative contribution of multireference perturbation theory

Yann Garniron, Anthony Scemama,? Pierre-Frangois Loos, and Michel Caffarel
Laboratoire de Chimie et Physique O i Université de ! CNRS, UPS, Toul France

(Received 14 March 2017; accepted 26 June 2017; published online 17 July 2017)

A hybrid stochastic-deterministic approach for computing the second-order perturbative contribution
E®@ within multireference perturbation theory (MRPT) is presented. The idea at the heart of our
hybrid scheme—based on a reformulation of E@ as a sum of elementary contributions associated
with each determinant of the MR wave function—is to split E? into a stochastic and a deterministic
part. During the simulation, the stochastic part is gradually reduced by dynamically increasing the
deterministic part until one reaches the desired accuracy. In sharp contrast with a purely stochastic
Monte Carlo scheme where the error decreases indefinitely as ¢~'/2 (where ¢ is the computational
time), the statistical error in our hybrid algorithm displays a polynomial decay ~¢™ with n = 34
in the examples considered here. If desired, the calculation can be carried on until the stochastic
part entirely vanishes. In that case, the exact result is obtained with no error bar and no noticeable
computational overhead compared to the fully deterministic calculation. The method is illustrated
on the F; and Cr; molecules. Even for the largest case corresponding to the Cr, molecule treated
with the cc-pVQZ basis set, very accurate results are obtained for E® for an active space of (28e,
1760) and a MR wave function including up to 2 x 107 determinants. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4992127]




Theory

Divide & Conquer

Partition of A

Sort |/) according to their weights

w 2
/ =
(V]w)
Make groups A; of |a) originating

from the same generator |/)

Each A, has its own contribution ¢; to Epto

Pierre-Francois Loos
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Theory

The crux

Partition of Epto

(W|H|a)|?
Eerz = ZE = oM

acA

DY | (W[H]an)|®
Evar — (| H]|cu)

1€D ajeA

-y

1€D

Pierre-Francois Loos
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Theory

Consequences

Properties of ¢,

S _wiHlan®
Evar — (| H]|ou)

var
Q€A

(WIH|ou) = 32 5 o (JIH]ar)
(| H|cv) is always high in energy, otherwise |«/) would be better in the
variational space and PT is questionable

mV/IeD:¢ <0

le/| is expected to decay as ¢;?

m The computational cost decreases with / (less o's in A; as | increases)

rancgois Loos




Example

Fy, cc-pVD

200000 400000 600000

800000
Determinant |I=



Lazy Evaluation

Be lazy and you'll be rewarded...

Key observation

Nger contributions €, = can be stored in memory

Lazy Evaluation (Wikipedia)

In programming language theory, lazy evaluation, or call-by-need is an
evaluation strategy which delays the evaluation of an expression until
its value is needed (non-strict evaluation) and which also avoids
repeated evaluations (sharing).

rancgois Loos




Monte Carlo

Monte Carlo with Lazy Evaluation

Monte Carlo sampling

€/ €/
[Eon = & = -
=Y =3 p <p>

1eD 1eD

m Draw a generator determinant |/) with probability

C/2

Pr==_
ZJ@D PJ

m Increment n;, the number of evaluations of ¢,
m Lazy evaluation : if ¢/ is not already computed, compute and store it

i €/

Epro~ ) ———  d te: (Q(Nfl/2 )
o Nsamples P ecay rate samples

€D

rancgois Loos




Monte Carlo

Fo, cc-pVQ
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Monte Carlo

Fa, cc-pVQZ, =5x 108

102 T T T T
Lazy evaluation
at12
p103 ¢ E
w
c
o
o
5104 | E
©
L
a
=
S
n 105 | e
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Variance reduction

Fy, cc-pVD

Uniform sampling : p/ = 1/Nget, Ept2 = (Naet X €/)p,
10! : ; ; :

lei| (au)




Variance reduction

Fy, cc-pVDZ,

Improved sampling : p; = c?, Epro = (er/piYp,

10! . , . .

led e (au)




Variance reduction

Variance reduction

Statisitical comb

[ comb: split D into M equiprobable sets

M
Ept2 ZZEI ZZ Z €l

IeD k=1 I, €Dy
m New Monte Carlo estimator:
M
1 €l
Epr2a = ( — g —
M = p/k
= (Pry 5+-5P1yy)

Pierre-Francois Loos




Variance reduction

Fy, cc-pVDZ,

led /¢? (au)

erre-Frangois Loos CNRS/UP!
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Variance reduction

Fy, cc-pVD

lel /¢i? @u)




Variance reduction

Fy, cc-pVD

leid /¢? (au)




Variance reduction

Fy, cc-pVD

[Eil (au)

0% | E

0.0 0.2 0.4 06 0.8 1.0




Variance reduction

Fy, cc-pVD
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Variance reduction

Fy, cc-pVD
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Variance reduction

Fy, cc-pVDZ, = 10%

102 T T T
Lazy evaluation
at12
Comb
103 |
k:
c
° 10%
g
<D
©
%) 105
=
©
&
106 E
10-7 I I I I
0 500 1000 1500 2000 2500
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Hybrid deterministic/stochastic scheme

Hybrid deterministic/stochastic scheme

Hybrid strategy

m When all |/)’s have been drawn, the exact (i.e. deterministic) Epr> value is
obtained

m The exact result (i.e. with no statistical error) can be reached in a finite
time

m Usually, we recover with few determinants

m Compute the few first contributions ¢;, and perform MC for the rest

1< €,
EPT2:Z€I+ MZ*

I€Dp =1 Pk

(PreDg)

rancgois Loos




Hybrid deterministic/stochastic scheme

Hybrid deterministic/stochastic scheme

At each MC step,

m Draw a random number

Find |/}'s selected by comb and increment n;'s

Compute ¢, (if required)
(] compute the first non-computed ¢ in the determinant list

If a box is “full” = move it to deterministic space

m At each time t, we have

Epro(t) = Z e+ Z if’

1€Dp(t) 1€Do(t samples(t) pi

Pierre-Francois Loos




Hybrid deterministic/stochastic scheme

Fy, cc-pVD
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Hybrid deterministic/stochastic scheme

Fy, cc-pVD
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Hybrid deterministic/stochastic scheme

Fy, cc-pVD
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Hybrid deterministic/stochastic scheme

Fy, cc-pVDZ, = 10°

1072 T T T T
Lazy evaluation
at12
103 F Comb 4

Hybrid

=

e
IS
T

Statistical error on Eprp
= =
o o
& &
T T
L

108 I I 1 1
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Results

F> molecule at equilibrium geometry

System specification

16 correlated electrons with RHF MOs
cc-pVDZ: 28 MOs

cc-pVTZ: 60 MOs

cc-pVQZ: 110 MOs

Results

Niet Evar Evar + EpT2 Ept2

cc-pvVDZ 2 x 10° —199.098015 —199.099 412 —0.001 397
—199.09941(9)

cc-pVTZ 2 x 10° —199.286288 —199.298 119(1) —0.011831(1)
—199.2977(1)

cc-pVQZ 1 x 10" —199.349200 —199.361 355(1) —0.012065(1)
—199.359 8(2)

In gray: i-FCI-QMC results of Cleland et al, JCTC 2012

Pierre-Francois Loos LCPQ, CNRS/UPS
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Results

Chromium dimer Crp at equilibrium geometry

System specification

38 correlated electrons (10 frozen MOs)
cc-pVDZ: 86 MOs

cc-pVTZ: 136 MOs

cc-pVQZ: 186 MOs

CASSCF (12,12) MOs

Selected FCl: Nyex = 2 x 107

Pierre-Francois Loos
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Results

Chromium dimer Crs, =2 x 107, 800 CPU cores

Timing
Basis Epto Walltime
cc-pVDZ  —0.0683(1) 14 min
—0.06836(1) 55 min
—0.068 361 (1) 2.4 hr
—0.068 360 604 3 hr
cc-pVTZ  —0.1244(5) 19 min
—0.1247(1) 58 min
—0.12463(1) 3.5 hr
—0.124 642(1) 8.7 hr
= ~ 15 hr (estimated)
cc-pVQZ  —0.1558(5) 56 min
—0.1559(1) 2.5 hr
—0.15595(1) 9.0 hr
—0.155952(1) 18.5 hr

= ~ 29 hr (estimated)

Pierre-Francois Loos LCPQ, CNRS/UPS
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Results

Chromium dimer Crs, =2 x 107

CIPSI with CAS, MR-CISD and FCI
Nyet Evar Evar + Epo Ep1o

cc-pvVDZ
CAS(12,12) 3 x 10° —2086.650896 —2087.28747(5 ) —0.63657
MR-CISD 2x10° —2087.156659 —2087.273230(4) —0.116571

FCI 6 x 107 —2087.244972  —2087.298 530 —0.053558
cc-pVTZ

CAS(12,12) 5x 10° —2086.655594 —2087.58864(5 ) —0.93305(5 )
FCI 2 x 107 —2087.449781 —2087.574423(1) —0.124676(1)
cc-pVQZ

CAS(12,12) 6 x 10° —2086.643210 —2087.69055(4 ) —1.04734(4 )
FCI 2 x 107 —2087.513373 —2087.669330(1) —0.155957(1)

Pierre-Francois Loos LCPQ, CNRS/UPS
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Parallelism

Parallel efficiency: Cry/cc-pVQZ, =2 x 107

10}

6

Speedup

— TIdeal |

0 2 4 6 8 10
Number of CPU cores (x800)
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Intro

Perspectives

Perspectives

Large systems: use JM-MRPT2 (Giner et al) instead of Epstein-Nesbet
m Needs a partition of the MO space (CAS)

Perturbers are Slater determinants (decontracted formalism)

Size-consistent

Less sophisticated than NEVPT2, but of comparable quality

CIPSI

m Speed-up selection
m Stochastic Shifted-B; method

Stochastic multi-reference coupled cluster
m Use same algorithm for triples and quadruples

@ Parallelism

m Target: 10° CPU cores
m Hybrid CPU/GPU

Pierre-Francois Loos
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FCI-F12
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FCI-F12
(]

Trial wave function

Back to slide number 1...

Trial wave function for QMC

Wr(R) = e’®> "¢ D/(R") D} (RY)
!

m The multideterminant part is obtained via the (selected FCI)

Giner et al. JCP 142 (2015) 044115

m We use a "minimal” (nodeless) Jastrow J(R)

Pierre-Francois Loos LCPQ, CNRS/UPS

FCI-F12



Issues

What we don’t want...

® redundant work between Jastrow and multideterminant part
® chemical intuition and/or user input

®® stochastic optimization

What we want...

© a systematic, black-box procedure
© compact FCl expansions
© the exact (non-relativistic) energy, i.e. minimizing the fixed-node error

©©® a massively parallel implementation

= Explicitly-correlated FCI (selected if possible), i.e. FCI-F12 method
Booth et al. JCP 137 (2012) 164112; Kersten et al. JCP 145 (2016) 054117

Pierre-Francois Loos LCPQ, CNRS/UPS
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Ansatz

Wave function ansatz

wy= 1D + |F)

conventional FCI explicitly correlated

IDy=>"all) IF) =Y uQf|l)
! !

projector: @ =1 — Z |11 correlation factor: f = Z fij
I i<j

Shiozaki et al. JCP 134 (2011) 034113

Pierre-Francois Loos LCPQ, CNRS/UPS
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FCI-F12
o
Correlation factor

Correlation factor

Slater geminal fitted with Gaussian geminals

1-— -
fi2 = 7@@; fiz) =rn2+ O(ﬁQz)

Nee
exp(—Ar2) & Z a, exp (7/\,/r122>
A/_/ —1

Slater geminal . R
Gaussian geminal

Ten-no, CPL 398 (2004) 56; Tew & Klopper, JCP 123 (2005) 074101

Pierre-Francois Loos LCPQ, CNRS/UPS
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Effective Hamiltonian theory: dressing the FCI matrix

AW) =ENV) = a|Hi+c " (I1AIF) - E| + 3 c/Hy =0,
J#I

_JHu+ T AIF), il =,
a Hyy, otherwise.

Dressing term

(AIF) ="t
J

(I1AF|1J) = Hixfrs|,
K

incomplete basis set correction

= The amplitudes t;'s are obtained to satisfy the
Ten-no, JCP 121 (2004) 117

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals

Three- and four-electron i Gaussian geminals

3-chain

@

THE JOURNAL OF CHEMICAL PHYSICS 147, 024103 (2017) P @
d.

Three- and four-electron integrals involving Gaussian geminals:
Fundamental integrals, upper bounds, and recurrence relations

Giuseppe M. J. Barca' and Pierre-Frangois Loos'22)
| Research School of Chemistry, Australian National University, Canberra, ACT 2601, Australia
2Laboratoire de Chimie et Physique Quantiques, Université de Toulouse, CNRS, UPS, Toulouse, France

(Received 26 April 2017; accepted 22 June 2017; published online 11 July 2017)

We report the three main ingredients to calculate three- and four-electron integrals over Gaussian
basis functions involving Gaussian geminal operators: fundamental integrals, upper bounds, and
recurrence relations. In particular, we consider the three- and four-electron integrals that may arise in
explicitly correlated F12 methods. A straightforward method to obtain the fundamental integrals is
given. We derive vertical, transfer, and horizontal recurrence relations to build up angular momentum
over the centers. Strong, simple, and scaling-consistent upper bounds are also reported. This latest
ingredient allows us to compute only the O(N2) significant three- and four-electron integrals, avoid-
ing the computation of the very large number of negligible integrals. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4991733]

Sk 3

Barca, Loos & Gill, in preparation
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FCI-F12

RI approximation

Resolution of the identity (RI) approximation

Rl approximation

oo O
=3 |AxA S -
Ac A CABS virtual space {a}
whnfar=o
Q
O | complete
| j------ orbital
T | space
Dressing term | virtua
g = Qj space {ad | bital space {p)
i*“‘i {p} = {i} U {a}
iy | B
& space {i}

IlH‘F ZtJ ZHIAfAJ—ZHIKfKJ _________________
g er Valeev, CPL 395 (2004) 190

= Z ty Z Hixfxy,

Xec

Pierre-Francois Loos




Intro

Algorithm

Self-consistent dressing of the FCI matrix

1: procedure DRESSED FCI-F12

2

3 Perform a (selected) FCl calculation to get |D) = 3-, ¢/ |/)
4 Compute extra integrals, e.g. (I|Hf]J)

5:

6 while |[AE| > 7 do

7 Determine t;'s to satisfy e-e cusp conditions

8 Form the

9: Diagonalize /1 to get a new set of ¢/'s and energy E
10: end while

11:

12: Return useful quantities for QMC, i.e. ¢/'s and t;'s

13:

14: end procedure

= It can be “embedded” in the Davidson diagonalization

Pierre-Francois Loos
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Example

[llustrative calculations on a two-electron system

Paradigm: “Two electrons on a glome”

m Singlet pair of electrons on a surface of a 3-sphere of radius R = uniform
density!
Loos & Gill PRL 103 (2009) 123008; JCP 135 (2011) 214111

m Everything can be done analytically = great to test approximation(s)!
Loos & Gill PRA 79 (2009) 062517

m For R=1, E. =& —40.2 mE;, = similar to Hel
Loos & Gill PRL 105 (2010) 113001; CPL 500 (2010) 1

Pierre-Francois Loos LCPQ, CNRS/UPS
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Example

[llustrative calculations on a two-electron system

Convergence of the correlation energy: R =1, Lgy = 3L and fio = n2

107%f
-40.0
107°F
= \\\ T —
8 R —
-~ I
CL-PT2
CLR12
-40.3
~ Dressed CI-R12
i 10711} ~ Dressed RI-CI-R12 A
0 100 200 300 400 500 0 100 200 300 400 500

Number of basis functions Number of basis functions

Pierre-Francois Loos
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FCI-F12

Concluding remarks

Concluding remarks

Things to explore further...

m Design a selected version of the algorithm
m Three-electron integrals or RI tricks?
m More generally, how do we get the nodes right?

Future directions...

m Efficient and massively parallel implementation in QUANTUM PACKAGE
https://github.com/LCPQ/quantum_package

m We are currently working on a similar methodology to enforce the
electron-nucleus cusp in QMC calculations
Loos, Scemama & Caffarel, in preparation.

rancgois Loos
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Many-electron integrals

Section 5

Many-electron integrals
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Many-electron integrals
o
Movitations

Why do we want to compute these?

Potentially useful in many cases

m Gaussian-type geminals (GTGs) calculations
Szalewicz & Jeziorski, Mol. Phys. 108, 3191 (2010)
Komornicki & King, JCP 134 (2011) 244115

m GTGs and Gaussian-type orbitals (GTOs)
Persson & Taylor, JCP 105 (1996) 5915; TCA 97 (1997) 240

m Transcorrelated-type methods
Ten-no, CPL 330 (2000) 175

m Explicitly-correlated F12 methods: MP2-F12, CC-F12, etc.
(RI world)
Hattig et al. Chem Rev 112 (2012) 4
Ten-no & Noga, WIREs Comput Mol Sci 2 (2012) 114

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals
L]

Definitions

What do we want to calculate?

Three-electron integral

(a1axas|b1bobs) = (ayayas|fios|bibobs)
:ﬂflb? (a2 (R)w5s (1) fios YRt (n)Yp2 (rR)up: (rs)drdradrs

Gaussian-type orbital (GTO)

Primitive GTO = |a] = (x — Ax) (y — A))¥ (2 — Ay)*elr—AP

Contracted GTO = |a) = ¢ (r) = Z D;|a];

m Exponent o
m Center A = (Ax, Ay, A7)

m Angular momentum a = (ax, ay, a;) and total angular momentum a = ax +a, + a;

Pierre-Francois Loos LCPQ, CNRS/UPS




Many-electron integrals
o

Operators

Three-electron operator

Three-electron operators

fio3 = fiog13h23

Two-electron operators
Asymptotic scaling

[ Coulomb operator
-1
Cr2 = M2 Operator Scaling
m Short-range Slater geminal Two-electron Three-electron
S 5SS, 5§55, 58S O(N)
S12 = exp(—Ari2) SL, S O(N?)
— . O(N?)

m Short-range Gaussian geminal
2
Gi2 = exp(—Arfy)
m Short-range operator = long range

E12 = r1p erfc(V A1)

S = short range

Pierre-Francois Loos




Two-electron integrals scaling

Asymptotic scaling of two-electron integrals

Many-electron integrals

Number of significant two-electron integrals for polyenes

Nsig =C Na

Molecule N C12

Nsig (0% Nsig (0%
propene 12 1625 — 1650 —
butadiene 16 5020 3.9 5020 3.9
hexatriene 24 24034 3.9 23670 3.8
octatetraene 32 63818 3.4 52808 2.8
decapentaene 40 119948 2.8 81404 1.9
dodecaexaene 48 192059 2.6 109965 1.6

Helgaker, Jorgensen & Olsen, Molecular Electronic-Structure Theory

Pierre-Francois Loos

LCPQ, CNRS/UPS
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o

Three-electron integrals scaling

Asymptotic scaling of three-electron integrals

Number of significant three-electron integrals for polyenes

Nsig =C ch
1 cMolecule N C12C13 G12C13
Nsig & Nsig o Nsig &
propene 12 123480 — 243071 — 123480 —
butadiene 16 650034 5.8 1288614 5.8 649796 5.8
hexatriene 24 6259263 5.6 10992400 5.3 4436162 4.7

octatetraene 32 22875778 4.5 31511030 3.7 9273218 2.6
decapentaene 40 53576923 3.8 59315069 2.8 14101575 1.9
dodecaexaene 48 101224185 3.5 94176325 25 18927362 1.6

LCPQ, CNRS/UPS
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Many-electron integrals
L]

French cuisine

Recipe for three-electron integrals

The cake:

Three-electron integral class

(a1aza3| by babs)

A

Ingredient number 1:
Recurrence relations
(a) = (a1) + (a;)

Barca, Loos & Gill, JCTC 12 (2016) 1735

Ingredient number 2:
Upper bounds
[{(a1a2as|bibabs)| < B

Barca, Loos & Gill (in preparation)

Ingredient number 3:
Fundamental integrals
(000/000)™

Coming soon...

rancgois Loos




Many-electron integrals
e0
Recurrence relations

Late-contraction path algorithm (Head-Gordon-Pople & PRISM inspired)

Shell-pair _4:' m
data = [000/000] (000/000)

0
VRR;
Y
[0033|000]m | <0083|000>m
VRR;
Y
| [Oaza3|000] | (03283|000>
VRR; TRR
Y

[a1aza3|000] (alaza3|000) <a1aza3|b1b2b3>
CCC HRR

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals

oe
Recurrence relations

Recurrence relations for three-electron integrals

Number of terms in the recurrence relations for cyclic and chain operators

Step RR type Three-electron operator Two-electron operator
fi2 g13 ho3 fi2 g13
(cyclic) (chain)
Ty VRR; 8 6 4
T» VRR; 10 7 6
i VRR; 12 12 —
Ts TRR 6 6 4
Ty HRR 2 2 2

If one uses GTGs, the RRs become even simpler!
Barca & Loos, JCP 147 (2017) 024103

Pierre-Francois Loos
FCI-F12

LCPQ, CNRS/UPS




Many-electron integrals
o

Upper bounds

Screening algorithm for three-electron integrals

Contracted class
Primitive Contracted Contracted (a1a2a3|b1 b2 bs)
shells - shell-pairs —>| shell-quartets via
|al Contraction |ab) |a1b1azb2) recurrence
relations

rancgois Loos




Many-electron integrals
(]

Quality requirements

What is a “good” upper bound?

A good upper bound must be

|
& significantly less computationally expensive than the true integral
m strong
&> as close as possible from the true integral in the threshold region
(107*-107%)

m scaling-consistent
< Nsig = O(Nyg) where Nyg is the number estimated by the UB

Pierre-Francois Loos




Many-electron integrals
o

Bounding Gaussians

Shell and shell-pair bounding Gaussians

Shell bounding Gaussian (SBG)

2
5(r) = Noe 02l A > g

Shell-pair bounding Gaussian (SPBG) G
. 2

2(r) = 3(r)b(r) = he §2" > ||ab]|

© Andrew Gilbert aka Mr. IQMol

(=a+8
Z = (oA + BB)/C
£=(1-o)

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals
@0

Strategies

A tale of three strategies

L]
We seek a single number that bounds a particular integral

|[a1a:|b1b2]| < [81«?11|b1bl]1/2[a2r'i2|bzbz]1/2
With O(N?) [aya1|b1b1] bound factors, we can upper bound O(N*)

[a1a2| b1 by] integrals

m Non-factorizable class bound
We seek a single number that bounds an entire class*

|[a1a2| b1 b2]| < [8152|b1b2]

m Factorizable class bound
We combine the two previous ideas

[a1a2| bib2]| < [8152] b1 Do)
< [8181|B1b1]"?[5282|BaBo] /2

*The simple [ppp|ppp] class is made of 729 integrals!

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals
(o] J
Strategies

Our home-made bounds

m We always use class bounds via SPBGs
[[a1a2a3|b1b2bs]| < [515253|1;15253]

= o is optimized with an operator-specific metric

m [B], [Bs] and [Be] are derived with Holder's inequality

< [[1oorar 1/,, [ 1ontoea] "

=1land p,g> 1.

\ [omoar

for p71 4+ ¢71

m We are not using Cauchy-Schwartz (i.e. p =g = 2)!

they are usually weaker
for three-electron integrals, they are not always simple

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals

o0

SPBGs

Performance of SPBGs

bl

One-electron overlap integrals: |[a|b]| < [4

= i)
B
/'/ ey rd
-15 -15 -15
15 10 5 Z15 ~10 -5 15 10 5
logyg [[s[p]| logo |[sld]| logyo |[plp]|
-5 5

-15 ~10 -15 -10
log,q |[d]d]|

logyo |[pld]

rancgois Loos




Many-electron integrals
oe

SPBGs

Performance of SPBGs

— R
‘\“‘ ----- p(r) with o =1/3
\\“ p(r) with o = 2/3
“\“ ----- p(r) with o =1
-

Pierre-Francois Loos




Shell-quartet bounds

Many-electron integrals

Performance of shell-quartet bounds [By] for two-electron integrals

LR operator Ci»

7‘]-’1 7‘12 7‘1() -8
log,,[00[C|00]

(factorizable bound)

Pierre-Francois Loos

SR operator &1

logy,[00]€]00]

(non-factorizable bound)

SR operator Si2

-8
5 10
)
t:% -12
<

—1l4g

14 -12 -10 -8
10g,,[00[S00]

(non-factorizable bound)

NB: we upper bound the
fundamental integral!




Many-electron integrals

Shell-sextet bounds

Performance of shell-sextet bounds [Bg] for three-electron integrals

Operator Gi12Ci3 Operator £12C13 Operator S12C13
-8
g 10
S —12|
—14

—14 -12 -10 -8
log;,[000/G€|000] log,,[000|£€]000] log,5[000|5€|000]

NB: All these integrals scale quadratically unlike Gi2G13, £12€13 or S12813

Pierre-Francois Loos LCPQ, CNRS/UPS
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Many-electron integrals

Future work

Things to do...

Future work

m Efficient computation of
(Slater-based operators in particular)

m Recurrence relations and upper bounds for four-electron integrals
(Barca & Loos, Adv. Quantum Chem. (in press))

m Specific recurrence relations for GTGs (three- and four-electron integrals)
(Barca & Loos, JCP 147 (2017) 024103)

® Implementation in quantum chemistry softwares
(under progress)

Pierre-Francois Loos
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