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Two-particle coalescence conditions EEEIeI{F-CUIETGT]

Hydrogen-like ions: electron-nucleus coalescence for S states

What happen when an electron and a nucleus meet each other?

Ay = Ev
v _ 1)
<—7+V)w:E¢ Hydrogen atom (Z = 1)
1/d% 2dy\ Z v
‘5(?*7?)‘7:‘5’/’

For small r, let's approximate the wave function as

Yp=1+ar+ O(r2)

Then,
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a=-72 = ‘wwlerforsmallr‘

This is the electron-nucleus (e-Z) cusp!
v

Kato, Com Pure Appl Math 10 (1957) 151; Pack and Byers Brown, JCP 45 (1966) 556
Kurokawa et al, JCP 139 (2013) 044114; ibid 140 (2014) 214103
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Two-particle coalescence conditions RIS

Helium-like ions: two-electron coalescence for S states

What happen when two electrons meet each other?
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Let's assume rip is tiny compared to r; and rp
=1+ Br2
Then,

1
5:5 = ¢~1+r172forsmallr12

This is the electron-electron (e-e) cusp! - ; . : ;
- K :

Kato, Com Pure Appl Math 10 (1957) 151; Pack and Byers Brown, JCP 45 (1966) 556
Kurokawa et al, JCP 139 (2013) 044114; ibid 140 (2014) 214103
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Three-particle coalescence conditions [EISESGELSIN

Fock expansion: three-particle coalescence for S state

What happen when two electrons meet a nucleus?
In 1935, Bartlett, Gibbons, and Dunn showed that a wave function of the form

P(n, r,n2) = Z Cimn 113"

Imn

cannot satisfying the Schrodinger equation for He [Phys Rev 47 (1935) 679]
Assuming that r; and rp are small, Fock showed

oo Lk/2]

Y(R,a,0) = Z Z RX(In R)Py(ar, 0) R = \/r? + r? is the hyperradius

k=0 p=0

In particular,

)
W=1Z(n+n)+2_ 7T
2 37

(r12 + r22 — r122) InR + O(Rz)

The wave function is non-analytic at the three-particle coalescence!

Fock, lzv. Akad. Nauk. SSSR, Ser. Fiz. 18 (1954) 161
Gottschalk et al, J. Phys. A 20 (1987) 2077; ibid 20 (1987) 2781
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Three-particle coalescence conditions [ERUGVACCRIEREEIEY]

Why do we care?

Kato cusp: two-particle coalescence < divergence in Ej,c and rate of convergence

Helium-like ions:

Eloe Cl angular correlation
L =exp[—Z(n+ r)+yna] ’ vz =
I:I \\\ ﬂgg
Eioc(v) = ,IZJ: sl ;ﬂm"M
4
Fock expansion: three-particle coalescence < finite discontinuity in Ejoc
2 1 5
Eoc(1/2)=—(Z"+ 2 N
Z(n-r n-r N
_}_7(1 2, 12) -
2 rno rr
Eioc is not well defined at the triple-collision limit!
4

Myers et al. JCP 44 (1991) 5537; Hattig et al, Chem. Rev. 112 (2012) 4; Drummond et al, PRB

70 (2004) 235119
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Three-electron coalescence conditions Fock expansion for three-electron systems

What happen when three electrons collide?

Three electrons in a harmonic well

3 3
Ad = Ed where A= % E (-V2 +w?r?) +H§ 1
e
i=1 i<j uy

Few things

Nathaniel
Bloomfield

o External potential doesn't matter = w? = 1

@ We consider S states = we can get rid of 3 degrees of freedom

|

Jacobi coordinates Spatial wave function
- o=(n+n+r)/V3 U(o,p,A) = ¥(p, A, p- A)Q0)
Peter Gill p=(n—n)/V2 Qo) = 734 exp(—0?/2)
A:(2r3—r1—r2)/\/6 EQ:3/2

White and Stillinger, PRA 3 (1971) 1521
Loos, Bloomfield and Gill, JCP 143 (2015) 181101
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Three-electron coalescence conditions Fock expansion for three-electron systems

Wave function expansion at the three-electron coalescence

Schrédinger-like equation

<v2—250+2e—\7>¢:0 e=E—Eq
Kinetic:

vz 92 2 9 2+ = 02

2 8r122 rio Oro 2ripn3 Or120n3
4 9?2 4 i 0 r122 + r223 — r123 2

8r123 s ons 2r12m3 Or20r3
N 02 2 0 | k- 0P

8!‘223 3 Or3 2r13r3 0nszorns

Interelectronic potential:

External potential:

V=ri+rs+r

o1, -1, -1
U=ryp +r3 13

v

Pierre-Francois Loos (RSC, ANU)

Three-electron coalescence conditions

Fock expansion

Assuming ri2, r13 and r3 small,

=90 4+ op® 4 x29@ 4

Zeroth order:
vy =0
First order:
V21 =2 04

Second order:

V2@ =2 0@ — 24O

NB: there's no contribution from
the external potential up to fourth
order!
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Three-electron coalescence conditions Fock expansion for three-electron systems

Electronic states & some definitions

Doublet State: °S; /» Quartet States: *S;, and *S;/,

$=1/2 Ms=1/2 §=3/2 Ms=1/2o0r3/2

Some useful quantities

Symmetric polynomials:

s1=rhr2+ns+nrmn3 S = na2ns—+ rna2rn3+ n3mn3 S3 = N2 N3 13

R— [+ s+ 15
3

\/51(51 — 2I’12)(51 — 2!’13)(51 — 2/’23)
area of the triangle defined by the three interelectronic distances

The good old hyperradius:

Heron's formula:

A

Pauncz, Spin Eigenfunctions (Plenum, New York, 1979)
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Doublet state 251/2

Matsen’s spin-free formalism [Matsen, JPC 68 (1968) 3282]

2¢ = i[oz(l)z>z(2)[3(3)2\ll(r1,rz| r )—a(l)ﬁ(2)a(3)2‘|’('17f3|f2)—5(1)a(2)0‘(3)2“’(’3”2"1)]
3 —— ~~

«a B
y

Symmetry [White and Stillinger, JCP 52 (1970) 5800; PRA 3 (1971) 1521]

2U(r, n|r) = —2W(r,n|r) <= Pauli principle

2‘"(!‘1, r2|r3) = 2“’(!‘1, r3|r2) -+ 2\Ii(r3, r2|r1) <=  Pure doublet state

Frobenius method (Fock expansion too difficult for us...)

2772
200 — 2, _ 2, 2N@) = Tg(nﬁ — 6m) ~ 1.352401

s
2p(1) = El(rw — r3)(3ri3 + 33 — r2)

2@ =20 208, — i — ) 2O (3R7) + O(RY)

v
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4s
Quartet state *S; /5

Matsen’s spin-free formalism [Matsen, JPC 68 (1968) 3282]

410 = % [€(1)a(2)8(3) + a(1)8(2)a(3) + B1)a(2)a(3)] *W(r, r2,1)

Symmetry [White and Stillinger, PRA 3 (1971) 1521]

4\U(r1, rn, l’3) = —4\|/(I‘17 rs, rz) = —4\U(l’2, r, r3) = —4\I1(r3, r, r1) < Single permutation

4\U(r1, n, l’3) = +4\Il(r2, r, r]_) = +4\U(l’3, r, rg) <= Double permutation
y

Frobenius method (Fock expansion still too hard...)

(0) _ _ _ _ 40,2) o ( 1l 76413\
wl/z (r2 — ris)(rfy — r33)(ris — r33) Ny = 27w <1280 s01760 | ~ 0.165672
(n2 — n3)(n2 — rn3)(n3 —rs) (8 312 272
41/’1/2 192 g 2 - 75 s1s3 + —5 sf S — 6s1
0@ _ay@ 2l b+ ) =02 o) e
Ve 1/2 iy + iy + 13 12

v
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4s.
Quartet state “S35

Interdimensional trick [Herrick, J Math Phys 16 (1975) 281; Loos and Bressanini, JCP 142
(2015) 214112]

4¢’3/2 = 04(1)04(2)6!(3)D(I‘17 r, r3) 4‘]’(!‘1, r, l’3)
where
X1 1z
D(n,n,n)=|x y» z|=rn-(nXnrn)
X3 y3 z3

and #W is a bosonic (totally symmetric) solution of the Schrodinger-like equation in five dimensions!

Frobenius method

2
40 _ an@ _ 37 _8n) &
¥{9, =1 N = S (15v3 - 8r) ~ 0717307

1
41#;1/)2 = Z(r12 + 3 + r3)

40,2 .2 2 .2 2,2\ _ 11 A2
4@ — 4@ 7 (rhrs + by +rigr) — 3 A
32 32 ’122 + "123 + r§3

In(3R%) + O(R?)
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Three-electron coalescence conditions [EEEICELRGEREITLIIETGT)]

Electronic states of He

Singlet 'S°(1s%) [Fock, lzv. Akad. Nauk. SSSR, Ser. Fiz. 18 (1954) 161]

T™—2

10 =1 1ny@) =
3
W) = —Z(n + r)+ gru

W@ = INO(2 42— B)n(rf + 72) + O(R?)

Triplet 35°(1525) [Pluvinage, J. Physique 43 (1982) 439]
7m — 20
3,000 — 2 _ 2 3p2) —
vR=n-n 60

2 K
3y = —gz(fl3 =)= Znn(n —n)+ Z(ff —13)n2

0 <N+ = )~ )l - ) + O(RY

NB: 3P2(2p?) and ' P*(2p?) can be obtained via 1S°(1s?) and 3S°(1s2s) using
interdimensional degeneracy [Loos and Bressanini, JCP 142 (2015) 214112]
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Remarks & Future Works

Few remarks...

All states have non-analytic terms appearing at second order

Quartets have peculiar logarithmic terms
Apply to 3D and 2D systems [Loos, Bloomfield & Gill, JCP 143 (2015) 181101]

Method can be generalized to higher-order collision (Zeee in lithium for example)

Universal, i.e. conditions are valid for any electronic systems

Lots of work to do...

o Improve convergence of variational energy <> integrals are tricky!

@ Incorporating these coalescence conditions in Jastrow/correlation factors is not trivial
[Agboola et al, JCP 143 (2015) 084114]

@ Remove discontinuity in local energy < higher order terms needed

@ Imposing e-e and e-e-e coalescence conditions simultaneously < exponentation?

Myers et al. JCP 44 (1991) 5537
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