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ABSTRACT
We discuss the physical properties and accuracy of three distinct dynamical (i.e., frequency-dependent) kernels for the computation of opti-
cal excitations within linear response theory: (i) an a priori built kernel inspired by the dressed time-dependent density-functional theory
kernel proposed by Maitra et al. [J. Chem. Phys. 120, 5932 (2004)], (ii) the dynamical kernel stemming from the Bethe–Salpeter equa-
tion (BSE) formalism derived originally by Strinati [Riv. Nuovo Cimento 11, 1–86 (1988)], and (iii) the second-order BSE kernel derived
by Zhang et al. [J. Chem. Phys. 139, 154109 (2013)]. The principal take-home message of the present paper is that dynamical kernels
can provide, thanks to their frequency-dependent nature, additional excitations that can be associated with higher-order excitations (such
as the infamous double excitations), an unappreciated feature of dynamical quantities. We also analyze, for each kernel, the appearance
of spurious excitations originating from the approximate nature of the kernels, as first evidenced by Romaniello et al. [J. Chem. Phys.
130, 044108 (2009)]. Using a simple two-level model, prototypical examples of valence, charge-transfer, and Rydberg excited states are
considered.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0028040., s

I. LINEAR RESPONSE THEORY

Linear response theory is a powerful approach that allows us to
directly access the optical excitations ωS of a given electronic system
(such as a molecule) and their corresponding oscillator strengths
[extracted from their eigenvectors (XSYS)⊺] via the response of the
system to a weak electromagnetic field.1–3 From a practical point of
view, these quantities are obtained by solving non-linear, frequency-
dependent Casida-like equations in the space of single excitations
and de-excitations,2

(
Rσ(ωS) Cσ(ωS)
−Cσ(−ωS)∗ −Rσ(−ωS)∗

) ⋅ (
Xσ
S

Yσ
S
) = ωS(

Xσ
S

Yσ
S
), (1)

where the explicit expressions of the resonant and coupling blocks,
Rσ(ω) and Cσ(ω), depend on the spin manifold (σ = ↑↓ for
singlets and σ = ↑↑ for triplets) and the level of approxima-
tion that one employs. Neglecting the coupling block [i.e., Cσ(ω)
= 0] between the resonant and anti-resonants parts, Rσ(ω) and
−Rσ(−ω)∗, is known as the Tamm–Dancoff approximation (TDA).
In the absence of symmetry breaking,4 the non-linear eigenvalue
problem defined in Eq. (1) has particle-hole symmetry, which means
that it is invariant via the transformation ω → −ω. Therefore,

without loss of generality, we will restrict our analysis to positive
frequencies.

In the one-electron basis of (real) spatial orbitals {ϕp(r)}, we will
assume that the elements of the matrices defined in Eq. (1) have the
following generic forms:4

Rσ
ia,jb(ω) = (ϵa − ϵi)δijδab + fHxc,σ

ia,jb (ω), (2a)

Cσ
ia,jb(ω) = fHxc,σ

ia,bj (ω), (2b)

where δpq is the Kronecker delta, ϵp is the one-electron (or quasipar-
ticle) energy associated with ϕp(r), and

fHxc,σ
ia,jb (ω) =∬ ϕi(r)ϕa(r)fHxc,σ(ω)ϕj(r′)ϕb(r′)drdr′. (3)

Here, i and j are occupied orbitals, a and b are unoccupied orbitals,
and p, q, r, and s indicate arbitrary orbitals. In Eq. (3),

fHxc,σ(ω) = fHx,σ + f c,σ(ω) (4)

is the (spin-resolved) Hartree-exchange-correlation (Hxc) dynami-
cal kernel. In the case of a spin-independent kernel, we will drop the
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superscript σ. As readily seen from Eq. (4), only the correlation (c)
part of the kernel is frequency dependent in a wave function con-
text. However, in a density-functional context, the exchange part of
the kernel can be frequency dependent if exact exchange is consid-
ered.5,6 In a wave function context, the static Hartree-exchange (Hx)
matrix elements read

fHx,σ
ia,jb = 2σ(ia∣ jb) − (ib∣ ja), (5)

where σ = 1 or 0 for singlet and triplet excited states (respectively),
and

(pq∣ rs) =∬ ϕp(r)ϕq(r)
1

∣r − r′∣ϕr(r
′)ϕs(r′)drdr′ (6)

are the usual two-electron integrals.7 The launchpad of the present
study is that, thanks to its non-linear nature stemming from its
frequency dependence, a dynamical kernel potentially generates
more than just single excitations. Unless otherwise stated, atomic
units are used, and we assume real quantities throughout this
manuscript.

II. THE CONCEPT OF DYNAMICAL QUANTITIES
As a chemist, it maybe difficult to understand the concept of

dynamical properties, the motivation behind their introduction, and
their actual usefulness. Here, we will try to give a pedagogical exam-
ple showing the importance of dynamical quantities and their main
purposes.8–10 To do so, let us consider the usual chemical scenario
where one wants to get the optical excitations of a given system. In
most cases, this can be done by solving a set of linear equations of
the form

A ⋅ c = ω c, (7)

where ω is one of the optical excitation energies of interest and c
is its transition vector. If we assume that matrix A is diagonalizable
and of size N × N, the linear set of equations (7) yields N excitation
energies. However, in practice, N might be (very) large (e.g., equal
to the total number of single and double excitations generated from
a reference Slater determinant), and it might therefore be practically
useful to recast this system as two smaller coupled systems such that

(
A1 b⊺

b A2
) ⋅ (

c1

c2
) = ω(

c1

c2
), (8)

where the blocks A1 and A2, of sizes N1 × N1 and N2 × N2 (with
N1 + N2 = N), can be associated with, for example, the single and
double excitations of the system. This decomposition technique is
often called Löwdin partitioning in the literature.11

Solving separately each row of system (8) and assuming that ω1
− A2 is invertible, we obtain

A1 ⋅ c1 + b⊺ ⋅ c2 = ω c1, (9a)

c2 = (ω 1 −A2)−1 ⋅ b ⋅ c1. (9b)

Substituting Eq. (9b) into Eq. (9a) yields the following effective non-
linear, frequency-dependent operator:

Ã1(ω) ⋅ c1 = ω c1, (10)

with

Ã1(ω) = A1 + b⊺ ⋅ (ω 1 −A2)−1 ⋅ b, (11)

which has, by construction, exactly the same solutions as the lin-
ear system (7) but a smaller dimension. For example, an operator
Ã1(ω) built in the single-excitation basis can potentially provide
excitation energies for double excitations, thanks to its frequency-
dependent nature, the information from the double excitations
being “folded” into Ã1(ω) via Eq. (9b).10 Note that this exact decom-
position does not alter, in any case, the values of the excitation
energies.

How have we been able to reduce the dimension of the prob-
lem while keeping the same number of solutions? To do so, we have
transformed a linear operator A into a non-linear operator Ã1(ω)
by making it frequency dependent. In other words, we have sac-
rificed the linearity of the system in order to obtain a new, non-
linear system of equations of smaller dimension [see Eq. (10)].
This procedure converting degrees of freedom into frequency or
energy dependence is very general and can be applied in vari-
ous contexts.12–23 Thanks to its non-linearity, Eq. (10) can produce
more solutions than its actual dimension. However, because there
is no free lunch, this non-linear system is obviously harder to solve
than its corresponding linear analog given by Eq. (7). Nonetheless,
approximations can be now applied to Eq. (10) in order to solve
it efficiently. For example, assuming that A2 is a diagonal matrix
is of common practice (see, for example, Ref. 20 and references
therein).

Another type of these approximations is the so-called static
approximation, where one sets the frequency to a particular value.
For example, as commonly done within the Bethe–Salpeter equa-
tion (BSE) formalism of many-body perturbation theory (MBPT),24

Ã1(ω) = Ã1 ≡ Ã1(ω = 0). In such a way, the operator Ã1 is made
linear again by removing its frequency-dependent nature. A sim-
ilar example in the context of time-dependent density-functional
theory (TDDFT)25 is provided by the ubiquitous adiabatic approx-
imation,26 which neglects all memory effects by making static the
exchange-correlation (xc) kernel (i.e., frequency independent).27–29

These approximations come with a heavy price as the number of
solutions provided by the system of Eq. (10) has now been reduced
from N to N1. Coming back to our example, in the static (or adia-
batic) approximation, the operator Ã1 built in the single-excitation
basis cannot provide double excitations anymore, and the N1 exci-
tation energies are associated with single excitations. All additional
solutions associated with higher excitations have been forever lost.
In Sec. III, we illustrate these concepts and the various tricks that
can be used to recover some of these dynamical effects starting from
the static eigenproblem.

III. DYNAMICAL KERNELS
A. Exact Hamiltonian

Let us consider a two-level quantum system where two
opposite-spin electrons occupied the lowest-energy level.8 In other
words, the lowest orbital is doubly occupied, and the system has a
singlet ground state. We will label these two orbitals, ϕv and ϕc, as
valence (v) and conduction (c) orbitals with respective one-electron
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Hartree–Fock (HF) energies ϵv and ϵc. In a more quantum chemi-
cal language, these correspond to the HOMO and LUMO orbitals
(respectively). The ground state |0⟩ has a one-electron configura-
tion ∣vv̄⟩, while the doubly-excited state |D⟩ has a configuration
∣cc̄⟩. There is then only one single excitation possible, which corre-
sponds to the transition v→ cwith different spin–flip configurations.
As usual, this produces a singlet singly excited state ∣S⟩ = (∣vc̄⟩
+ ∣cv̄⟩)/

√
2 and a triplet singly excited state ∣T⟩ = (∣vc̄⟩− ∣cv̄⟩)/

√
2.30

For the singlet manifold, the exact Hamiltonian in the basis of
these (spin-adapted) configuration state functions reads31

H↑↓ =
⎛
⎜⎜
⎝

⟨0∣Ĥ∣0⟩ ⟨0∣Ĥ∣S⟩ ⟨0∣Ĥ∣D⟩
⟨S∣Ĥ∣0⟩ ⟨S∣Ĥ∣S⟩ ⟨S∣Ĥ∣D⟩
⟨D∣Ĥ∣0⟩ ⟨D∣Ĥ∣S⟩ ⟨D∣Ĥ∣D⟩

⎞
⎟⎟
⎠

, (12)

with

⟨0∣Ĥ∣0⟩ = 2ϵv − (vv∣ vv) = EHF, (13a)

⟨S∣Ĥ − EHF∣S⟩ = Δϵ + (vc∣ cv) − (vv∣ cc), (13b)

⟨D∣Ĥ − EHF∣D⟩ = 2Δϵ + (vv∣ vv) + (cc∣ cc) + 2(vc∣ cv) − 4(vv∣ cc),
(13c)

⟨0∣Ĥ∣S⟩ = 0, (13d)

⟨S∣Ĥ∣D⟩ =
√

2[(vc∣ cc) − (cv∣ vv)], (13e)

⟨0∣Ĥ∣D⟩ = (vc∣ cv), (13f)

and Δϵ = ϵc − ϵv. The energy of the only triplet state is simply
⟨T∣Ĥ∣T⟩ = EHF + Δϵ − (vv∣ cc). Exact excitation energies are calcu-
lated as differences of these total energies. Note that these energies
are exact results within the one-electron space spanned by the basis
functions.

For the sake of illustration, we will use the same molecular sys-
tems throughout this study and consider the singlet ground state of
(i) the H2 molecule (RH–H = 1.4 bohrs) in the STO-3G basis, (ii) the
HeH+ molecule (RHe–H = 1.4632 bohrs) in the STO-3G basis, and
(iii) the He atom in Pople’s 6-31G basis set.30 The minimal basis
(STO-3G) and double-zeta basis (6-31G) have been chosen to pro-
duce two-level systems. The STO-3G basis for two-center systems
(H2 and HeH+) corresponds to one s-type Gaussian basis func-
tion on each center, while the 6-31G basis for the helium atom

corresponds to two (contracted) s-type Gaussian functions with
different exponents.

These three systems provide prototypical examples of valence,
charge-transfer, and Rydberg excitations, respectively, and will be
employed to quantity the performance of the various methods con-
sidered in the present study for each type of excited states.8,32 In the
case of H2, the HOMO and LUMO orbitals have σg and σu symme-
tries, respectively. The electronic configuration of the ground state
is σ2

g , and the doubly excited state of configuration σ2
u has an auto-

ionizing resonance nature.33–35 The singly excited states have σgσu
configurations. In He, highly accurate calculations reveal that the
lowest doubly excited state of configuration 1s2 is an auto-ionizing
resonance state, extremely high in energy and lies in the contin-
uum.35–37 However, in a minimal basis set such as STO-3G, it is of
Rydberg nature as it corresponds to a transition from a relatively
compact s-type function to a more diffuse orbital of the same sym-
metry. In the heteronuclear diatomic molecule HeH+, a Mulliken
or Löwdin population analysis associates 1.53 electrons on the He
center and 0.47 electrons on the H nucleus for the ground state.30

Thus, electronic excitations in HeH+ correspond to a charge trans-
fer from the He nucleus to the proton. The numerical values of the
various quantities defined above are gathered in Table I for each
system.

The exact values of the singlet single and double excitations,
ω↑↓1 and ω↑↓2 , and the triplet single excitation, ω↑↑1 , are reported, for
example, in Table II. We are going to use these as reference for the
remaining of this study.

B. Maitra’s dynamical kernel
The kernel proposed by Maitra and co-workers38,39 in the con-

text of dressed TDDFT (D-TDDFT) corresponds to an ad hoc many-
body theory correction to TDDFT. More specifically, D-TDDFT
adds to the static kernel a frequency-dependent part by reverse-
engineering the exact Hamiltonian: one single and one double exci-
tation, assumed to be strongly coupled, are isolated from among
the spectrum and added manually to the static kernel. The very
same idea was taken further by Huix-Rotllant et al.40 and tested
on a large set of molecules. Here, we start instead from a HF
reference. The static problem (i.e., the frequency-independent
Hamiltonian) corresponds then to the time-dependent HF (TDHF)
Hamiltonian, while in the TDA, it reduces to configuration interac-
tion with singles (CIS).4

For the two-level model, the reverse-engineering process of the
exact Hamiltonian (12) yields

f c,↑↓
M (ω) =

∣⟨S∣Ĥ∣D⟩∣2

ω − (⟨D∣Ĥ∣D⟩ − ⟨0∣Ĥ∣0⟩)
, (14)

TABLE I. Numerical values (in eV) of the valence and conduction orbital energies, ϵv and ϵc , and two-electron integrals in the orbital basis for various two-level systems.

System Method ϵv ϵc (vv∣ vv) (cc∣ cc) (vv∣ cc) (vc∣ cv) (vv∣ vc) (vc∣ cc)

H2 HF/STO-3G −15.7282 +18.2389 +18.3566 +18.9798 +18.0565 +4.9323 0 0
HeH+ HF/STO-3G −44.4308 −4.6935 +25.6630 +20.4773 +17.9664 +3.9565 −4.7067 +1.0145
He HF/6-31G −24.8747 +38.0921 +27.9436 +20.8538 +23.3510 +6.1952 +8.6121 +6.9540
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TABLE II. Singlet and triplet excitation energies (in eV) for various levels of theory and two-level systems. The magnitude of
the dynamical correction is reported in square brackets.

Method

System Excitation CIS TDHF D-CIS D-TDHF Exact

H2 ω↑↓1 25.78 25.30 25.78[+0.00] 25.30[+0.00] 26.34
ω↑↓2 44.04
ω↑↑1 15.92 15.13 15.92[+0.00] 15.13[+0.00] 16.48

HeH+ ω↑↓1 29.68 29.42 27.75[−1.93] 27.64[−1.78] 28.05
ω↑↓2 63.59 63.52 64.09
ω↑↑1 21.77 21.41 21.77[+0.00] 21.41[+0.00] 22.03

He ω↑↓1 52.01 51.64 51.87[−0.14] 51.52[−0.12] 52.29
ω↑↓2 93.85 93.84 94.66
ω↑↑1 39.62 39.13 39.62[+0.00] 39.13[+0.00] 40.18

while f c,↑↑
M (ω) = 0. Expression (14) can be easily obtained by

folding the double excitation onto the single excitation, as explained
in Sec. II. It is clear that one must know a priori the structure of the
Hamiltonian to construct such a dynamical kernel, and this obvi-
ously hampers its applicability to realistic photochemical systems
where it is sometimes hard to get a clear picture of the interplay
between excited states.41–43

For the two-level model, the non-linear equations defined in
Eq. (1) provides the following effective Hamiltonian:

Hσ
D-TDHF(ω) = (

Rσ
M(ω) Cσ

M(ω)
−Cσ

M(−ω) −Rσ
M(−ω)

), (15)

with

Rσ
M(ω) = Δϵ + 2σ(vc∣ vc) − (vc∣ vc) + f c,σ

M (ω), (16a)

Cσ
M(ω) = 2σ(vc∣ cv) − (vv∣ cc) + f c,σ

M (ω), (16b)

yielding, for our three two-electron systems, the excitation energies
reported in Table II when diagonalized. The TDHF Hamiltonian is
obtained from Eq. (15) by setting f c,σ

M (ω) = 0 in Eqs. (16a) and (16b).
In Fig. 1, we plot det[H(ω) − ω1] as a function of ω for both the sin-
glet (black and gray) and triplet (orange) manifolds in HeH+. (Very
similar curves are obtained for He.) The roots of det[H(ω) − ω1]
indicate the excitation energies. Because there is nothing to dress for
the triplet state, the TDHF and D-TDHF triplet excitation energies
are equal.

Although not particularly accurate for the single excitations,
Maitra’s dynamical kernel allows us to access the double excitation
with good accuracy and provides exactly the right number of solu-
tions (two singlets and one triplet). Note that this correlation kernel
is known to work best in the weak correlation regime (which is the
case here) in the situation where one single and one double excita-
tions are energetically close and well separated from the others,38,44,45

but it is not intended to explore strongly correlated systems.46 Its
accuracy for the single excitations could be certainly improved in
a density-functional theory context. However, this is not the point

of the present investigation. In Ref. 40, the authors observed that
the best results are obtained using a hybrid kernel for the static
part.

Table II also reports the slightly improved (thanks to error
compensation) CIS and D-CIS excitation energies. In particular, sin-
gle excitations are greatly improved without altering the accuracy
of the double excitation. Graphically, the curves obtained for CIS
and D-CIS are extremely similar to the ones of TDHF and D-TDHF
depicted in Fig. 1.

In the case of H2 in a minimal basis, because ⟨S∣Ĥ∣D⟩ = 0,30

there is no dynamical correction for both singlets and triplets, and
one cannot access the double excitation with Maitra’s kernel. It
would be, of course, a different story in a larger basis set where
the coupling between singles and doubles would be non-zero. The
fact that ⟨S∣Ĥ∣D⟩ = 0 for H2 in a minimal basis is the direct conse-
quence of the lack of orbital relaxation in the excited states, which

FIG. 1. det[H(ω) − ω1] as a function of ω (in hartree) for both the singlet (gray
and black) and triplet (orange) manifolds of HeH+. The static TDHF Hamiltonian
(dashed) and dynamic D-TDHF Hamiltonian (solid) are considered.

J. Chem. Phys. 153, 184105 (2020); doi: 10.1063/5.0028040 153, 184105-4

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

is itself due to the fact that the molecular orbitals in that case are
unambiguously defined by symmetry.

C. Dynamical BSE kernel
As mentioned in Sec. II, most of BSE calculations performed

nowadays are done within the static approximation.10,47–49 However,
following Strinati’s footsteps,24,50,51 several groups have explored
this formalism beyond the static approximation by retaining the
dynamical nature of the screened Coulomb potential W8,9,19,52 or
via a perturbative approach.53–57 Based on the very same two-level
model that we employ here, Romaniello et al.8 clearly evidenced that
one can genuinely access additional excitations by solving the non-
linear, frequency-dependent BSE eigenvalue problem. For this par-
ticular system, they showed that a BSE kernel based on the random-
phase approximation (RPA) produces indeed double excitations but
also unphysical excitations,8 attributed to the self-screening prob-
lem.58 This issue was resolved in the subsequent work of Sangalli
et al.9 via the design of a diagrammatic number-conserving
approach based on the folding of the second-RPA Hamiltonian.59

Thanks to a careful diagrammatic analysis of the dynamical kernel,
they showed that their approach produces the correct number of
optically active poles, and this was further illustrated by computing
the polarizability of two unsaturated hydrocarbon chains (C8H2 and
C4H6). Very recently, Loos and Blase applied the dynamical correc-
tion to the BSE beyond the plasmon-pole approximation within a
renormalized first-order perturbative treatment,57 generalizing the
work of Rolhfing and co-workers on biological chromophores54,55

and dicyanovinyl-substituted oligothiophenes.56 They compiled a
comprehensive set of vertical transitions in prototypical molecules,
providing benchmark data and showing that the dynamical cor-
rection can be sizable (especially for n → π∗ and π → π∗ exci-
tations) and improves the static BSE excitations considerably.57

Let us stress that in all these studies, the TDA is applied to the
dynamical correction (i.e., only the diagonal part of the BSE Hamil-
tonian is made frequency-dependent), and we shall do the same
here.

Within the so-calledGW approximation of MBPT,10,47,60–62 one
can easily compute the quasiparticle energies associated with the
valence and conduction orbitals.63–66 Assuming that W has been
calculated at the random-phase approximation (RPA) level and
within the TDA, the expression of the GW quasiparticle energy is
simply67

ϵGWp = ϵp + ZGW
p ΣGW

p (ϵp), (17)
where p = v or c,

ΣGW
p (ω) =

2(pv∣ vc)2

ω − ϵv + Ω
+

2(pc∣ cv)2

ω − ϵc −Ω
(18)

is the correlation part of the self-energy Σ, and

ZGW
p =

⎛
⎝

1 −
∂ΣGW

p (ω)
∂ω

∣
ω=ϵp

⎞
⎠

−1

(19)

is the renormalization factor (or spectral weight). In Eq. (18),
Ω = Δϵ + 2(vc∣ cv) is the sole (singlet) RPA excitation energy of the
system, with ΔϵGW = ϵGWc − ϵGWv .

One can now build the dynamical BSE (dBSE) Hamiltonian8,24

Hσ
dBSE(ω) = (

Rσ
dBSE(ω) Cσ

dBSE
−Cσ

dBSE −Rσ
dBSE(−ω)

), (20)

with

Rσ
dBSE(ω) = ΔϵGW + 2σ(vc∣ cv) − (vv∣ cc) −Wc

R(ω), (21a)

Cσ
dBSE = 2σ(vc∣ cv) − (vc∣ cv) −Wc

C(ω = 0), (21b)

where

Wc
R(ω) =

4(vv∣ vc)(vc∣ cc)
ω −Ω − ΔϵGW , (22a)

Wc
C(ω) =

4(vc∣ cv)2

ω −Ω
(22b)

are the elements of the correlation part of the dynamically screened
Coulomb potential for the resonant and coupling blocks of the dBSE
Hamiltonian, respectively. Note that in this case, the correlation
kernel is spin blind.

Within the usual static approximation, the BSE Hamiltonian is
simply

Hσ
BSE = (

Rσ
BSE Cσ

BSE

−Cσ
BSE −Rσ

BSE
), (23)

with

Rσ
BSE = ΔϵGW + 2σ(vc∣ vc) − (vv∣ cc) −WR(ω = ΔϵGW), (24a)

Cσ
BSE = Cσ

dBSE. (24b)

It can be easily shown that solving the secular equation

det[Hσ
dBSE(ω) − ω1] = 0 (25)

yields two solutions per spin manifold (except for H2 where only one
root is observed, see below), as shown in Fig. 2 for the case of HeH+.
Their numerical values are reported in Table III alongside other vari-
ants discussed below. These numbers evidence that dBSE reproduces
qualitatively well the singlet and triplet single excitations but quite
badly the double excitation that is off by several eV. As mentioned
in Ref. 8, spurious solutions appear due to the approximate nature
of the dBSE kernel. Indeed, diagonalizing the exact Hamiltonian (12)
produces only two singlet solutions corresponding to the singly- and
doubly-excited states and one triplet state (see Sec. III A). There-
fore, there is the right number of singlet solutions, but there is one
spurious solution for the triplet manifold (ωdBSE,↑↑

2 ). It is worth men-
tioning that around ω = ωdBSE,σ

1 , the slope of the curves depicted in
Fig. 2 is small, while the other solution, ωdBSE,σ

2 , stems from a pole,
and consequently, the slope is very large around this frequency value.
This makes this latter solution quite hard to locate with a method
like Newton–Raphson (for example). Let us highlight the fact that
unlike in Ref. 57 where dynamical effects have been shown to pro-
duce a systematic red-shift of the static excitations, here we observe
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FIG. 2. det[H(ω) − ω1] as a function of ω (in hartree) for both the singlet (gray and
black) and triplet (orange and red) manifolds of HeH+. The static BSE Hamiltonian
(dashed) and dynamic dBSE Hamiltonian (solid) are considered.

both blue- and red-shifted transitions (see values in square brackets
in Table III).

In the static approximation, only one solution per spin man-
ifold is obtained by diagonalizing Hσ

BSE (see Fig. 2 and Table III).
Therefore, the static BSE Hamiltonian misses the (singlet) double
excitation (as it should), and it shows that the physical single exci-
tation stemming from the dBSE Hamiltonian is indeed the lowest
in energy for each spin manifold, i.e., ωdBSE,↑↓

1 and ωdBSE,↑↑
1 . This

can be further verified by switching off gradually the electron–
electron interaction as one would do in the adiabatic connection
formalism.68–70

Enforcing the TDA, which corresponds to neglecting the cou-
pling term between the resonant and anti-resonant parts of the dBSE
Hamiltonian (20), does not change the situation in terms of spu-
rious solutions: there is still one spurious excitation in the triplet

manifold (ωBSE,↑↑
2 ), and the two solutions for the singlet manifold

corresponds to the single and double excitations. However, it does
increase significantly the static excitations, while the magnitude of
the dynamical corrections is not altered by the TDA. The (static)
BSE triplets are notably too low in energy as compared to the exact
results, and the TDA is able to partly reduce this error, a situation
analogous in larger systems.71–73

Another way to access dynamical effects while staying in the
static framework is to use perturbation theory,53–57 a scheme we
label as perturbative BSE (pBSE). To do so, one must decompose the
dBSE Hamiltonian into a (zeroth-order) static part and a dynamical
perturbation such that

Hσ
dBSE(ω) = Hσ

BSE
±
H(0)

pBSE

+ [Hσ
dBSE(ω) −Hσ

BSE]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

H(1)
pBSE(ω)

. (26)

Thanks to (renormalized) first-order perturbation theory,57 one
obtains

ωpBSE,σ
1 = ωBSE,σ

1 + ZpBSE
1 (

X1

Y1
)
⊺
[Hσ

dBSE(ω = ωBSE,σ
1 ) −Hσ

BSE] ⋅ (
X1

Y1
),

(27)

where

Hσ
BSE ⋅ (

X1

Y1
) = ωBSE,σ

1 (
X1

Y1
) (28)

and the renormalization factor is

ZpBSE
1 =

⎧⎪⎪⎨⎪⎪⎩
1 − (

X1

Y1
)
⊺
⋅ ∂H

σ
dBSE(ω)
∂ω

∣
ω=ωBSE,σ

1

⋅ (
X1

Y1
)
⎫⎪⎪⎬⎪⎪⎭

−1

. (29)

This corresponds to a dynamical perturbative correction to the static
excitations.

TABLE III. Singlet and triplet BSE excitation energies (in eV) for various levels of theory and two-level systems. The magnitude of the dynamical correction is reported in square
brackets.

Method

System Excitation BSE pBSE dBSE BSE(TDA) pBSE(TDA) dBSE(TDA) Exact

H2 ω↑↓1 26.06 26.06[+0.00] 26.06[+0.00] 27.02 27.02[+0.00] 27.02[+0.00] 26.34
ω↑↑1 16.94 16.94[+0.00] 16.94[+0.00] 17.16 17.16[+0.00] 17.16[+0.00] 16.48

HeH+ ω↑↓1 28.56 28.63[+0.07] 28.63[+0.07] 29.04 29.11[+0.07] 29.11[+0.07] 28.05
ω↑↓2 87.47 87.47 64.09
ω↑↑1 20.96 21.07[+0.11] 21.07[+0.11] 21.13 21.24[+0.11] 21.24[+0.11] 22.03
ω↑↑2 87.43 87.43

He ω↑↓1 52.46 52.12[−0.34] 52.11[−0.35] 53.10 52.79[−0.31] 52.79[−0.31] 52.29
ω↑↓2 133.38 133.37 94.66
ω↑↑1 40.50 39.80[−0.70] 39.79[−0.71] 40.71 40.02[−0.69] 40.02[−0.69] 40.18
ω↑↑2 133.75 133.75
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The perturbatively corrected values are also reported in
Table III, and it shows that this scheme is very effective at reproduc-
ing the dynamical values for the single excitations. Because the value
of Z1 is always quite close to unity in the present systems (evidenc-
ing that the perturbative expansion behaves nicely), one could have
anticipated the fact that the first-order correction is a good estimate
of the non-perturbative result. However, because the perturbative
treatment is ultimately static, one cannot access double excitations
with such a scheme.

For H2, there are no dynamical corrections at the BSE, pBSE, or
dBSE levels. Indeed, as (vv∣ vc) = (vc∣ cc) = 0 (see Table I), we have
Wc

R(ω) = 0 [see Eq. (22a)]. The lack of frequency dependence of
the kernel means that one cannot estimate the energy of the doubly
excited state of H2.

D. Second-order BSE kernel
The third and final dynamical kernel that we consider here is

the second-order BSE (BSE2) kernel derived by Yang and collabora-
tors in the TDA74 and by Rebolini and Toulouse in a range-separated
context75,76 (see also Refs. 52, 77, and 78). Note that a beyond-TDA
BSE2 kernel was also derived in Ref. 75 but was not tested. In a nut-
shell, the BSE2 scheme applies second-order perturbation theory to
optical excitations within the Green’s function framework by taking
the functional derivative of the second-order self-energy ΣGF2 with
respect to the one-body Green’s function. Because ΣGF2 is a proper
functional derivative, it was claimed in Ref. 74 that BSE2 does not
produce spurious excitations. However, as we will show below, this
is not always true.

Like BSE requires GW quasiparticle energies, BSE2 requires the
second-order Green’s function (GF2) quasiparticle energies,30 which
are defined as follows:

ϵGF2
p = ϵp + ZGF2

p ΣGF2
p (ϵp), (30)

where the second-order self-energy is

ΣGF2
p (ω) =

(pv∣ vc)2

ω − ϵv + ϵc − ϵv
+

(pc∣ cv)2

ω − ϵc − (ϵc − ϵv)
(31)

and

ZGF2
p =

⎛
⎜
⎝

1 −
∂ΣGF2

p (ω)
∂ω

RRRRRRRRRRRω=ϵp

⎞
⎟
⎠

−1

. (32)

The expression of the GF2 self-energy (31) can be easily obtained
from its GW counterpart (18) via the substitution Ω → ϵc − ϵv and
by dividing the numerator by a factor two. This shows that there is
no screening within GF2 but that second-order exchange is properly
taken into account.74,79

The static Hamiltonian of BSE2 is just the usual TDHF Hamil-
tonian where one substitutes the HF orbital energies by the GF2
quasiparticle energies, i.e.,

Hσ
BSE2 = (

Rσ
BSE2 Cσ

BSE2

−Cσ
BSE2 −Rσ

BSE2
), (33)

with

Rσ
BSE2 = ΔϵGF2 + 2σ(vc∣ vc) − (vv∣ cc), (34a)

Cσ
BSE2 = 2σ(vc∣ vc) − (vc∣ cv). (34b)

To avoid any confusion with the results of Sec. III B and for
notational consistency with Sec. III C, we have labeled this static
Hamiltonian as BSE2.

The correlation part of the dynamical kernel for BSE2 is a bit
cumbersome,74–76 but it simplifies greatly in the case of the present
model to yield

Hσ
dBSE2 = Hσ

BSE2 + (
Rc,σ

dBSE2(ω) Cc,σ
dBSE2

−Cc,σ
dBSE2 −Rc,σ

BSE2(−ω)
), (35)

with

Rc,↑↓
dBSE2(ω) = −

4(cv∣ vv)(vc∣ cc) − (vc∣ cc)2 − (cv∣ vv)2

ω − 2ΔϵGF2 , (36a)

Cc,↑↓
dBSE2 =

4(vc∣ cv)2 − (cc∣ cc)(vc∣ cv) − (vv∣ vv)(vc∣ cv)
2ΔϵGF2 (36b)

and

Rc,↑↑
dBSE2(ω) = −

(vc∣ cc)2 + (cv∣ vv)2

ω − 2ΔϵGF2 , (37a)

Cc,↑↑
dBSE2 =

(cc∣ cc)(vc∣ cv) + (vv∣ vv)(vc∣ cv)
2ΔϵGF2 . (37b)

As mentioned in Ref. 75, the BSE2 kernel has some similarities
with the second-order polarization-propagator approximation1,80

(SOPPA) and second RPA kernels.9,40,59,81 Unlike the dBSE Hamil-
tonian [see Eq. (20)], the BSE2 dynamical kernel is spin aware with
distinct expressions for singlets and triplets.76

Like in dBSE, dBSE2 generates the right number of excitations
for the singlet manifold (see Fig. 3). However, one spurious triplet
excitation clearly remains. The numerical results for the two-level
models are reported in Table IV with the usual approximations

FIG. 3. det[H(ω) − ω1] as a function of ω (in hartree) for both the singlet (gray and
black) and triplet (orange and red) manifolds of HeH+. The static BSE2 Hamiltonian
(dashed) and dynamic dBSE2 Hamiltonian (solid) are considered.
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TABLE IV. Singlet and triplet BSE2 excitation energies (in eV) for various levels of theory and two-level systems. The magnitude of the dynamical correction is reported in square
brackets.

Method

System Excitation BSE2 pBSE2 dBSE2 BSE2(TDA) pBSE2(TDA) dBSE2(TDA) Exact

H2 ω↑↓1 26.03 26.03[+0.00] 26.24[+0.21] 26.49 26.49[+0.00] 26.49[+0.00] 26.34
ω↑↑1 15.88 15.88[+0.00] 16.47[+0.59] 16.63 16.63[+0.00] 16.63[+0.00] 16.48

HeH+ ω↑↓1 29.23 28.40[−0.83] 28.56[−0.67] 29.50 28.66[−0.84] 28.66[−0.84] 28.05
ω↑↓2 79.94 79.94 64.09
ω↑↑1 21.22 21.63[+0.41] 21.93[+0.71] 21.59 21.99[+0.40] 21.99[+0.40] 22.03
ω↑↑2 78.70 78.70

He ω↑↓1 50.31 51.96[+1.64] 52.10[+1.79] 50.69 52.34[+1.65] 52.34[+1.65] 52.29
ω↑↓2 121.67 121.66 94.66
ω↑↑1 37.80 39.26[+1.46] 39.59[+1.79] 38.30 39.77[+1.47] 39.77[+1.47] 40.18
ω↑↑2 121.85 121.84

and perturbative treatments. In the case of BSE2, the perturbative
partitioning (pBSE2) is simply

Hσ
dBSE2(ω) = Hσ

BSE2
²
H(0)

pBSE2

+ [Hσ
dBSE2(ω) −Hσ

BSE2]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

H(1)
pBSE2(ω)

. (38)

As compared to dBSE, dBSE2 produces much larger dynamical
corrections to the static excitation energies, ω↑↓1 and ω↑↑1 (see values
in square brackets in Table IV), probably due to the poorer qual-
ity of its static reference (TDHF or CIS). Similarly to what has been
observed in Sec. III B, the TDA vertical excitations are slightly more
accurate due to error compensations. Note also that the perturba-
tive treatment is a remarkably good approximation to the dynamical
scheme for single excitations (except for H2, see below), especially
in the TDA. This justifies the use of the perturbative treatment in
Refs. 74 and 75. Overall, the accuracy of dBSE and dBSE2 are compa-
rable for single excitations although their behavior is quite different
(see Tables III and IV). For the double excitation, dBSE2 yields a
slightly better energy yet still in quite poor agreement with the exact
value.

Again, the case of H2 is a bit peculiar as the perturbative treat-
ment (pBSE2) does not provide any dynamical corrections, while its
dynamical version (dBSE2) does yield sizable corrections originating
from the coupling term Cc,σ

dBSE2 that is non-zero in the case of dBSE2.
Although frequency-independent, this additional term makes the
singlet and triplet excitation energies very accurate. However, one
cannot access the double excitation.

IV. TAKE-HOME MESSAGES
The take-home message of the present paper is that dynamical

kernels have much more to give than one would think. In more scien-
tific terms, dynamical kernels can provide, thanks to their frequency-
dependent nature, additional excitations that can be associated with
higher-order excitations (such as the infamous double excitations),

an unappreciated feature of dynamical quantities. However, they
sometimes give too much and generate spurious excitations, i.e.,
excitation that does not correspond to any physical excited state. The
appearance of these fictitious excitations is due to the approximate
nature of the dynamical kernel. Moreover, because of the non-linear
character of the response problem when one employs a dynami-
cal kernel, it is computationally more involved to access these extra
excitations.

Using a simple two-model system, we have explored the physics
of three dynamical kernels: (i) a kernel based on the dressed TDDFT
method introduced by Maitra et al.,38 (ii) the dynamical kernel from
the BSE formalism derived by Strinati in his hallmark 1988 paper,24

and (iii) the second-order BSE kernel derived by Zhang et al.74

and Rebolini and Toulouse.75,76 Prototypical examples of valence,
charge-transfer, and Rydberg excited states have been considered.
From these, we have observed that, overall, the dynamical correction
usually improves the static excitation energies, and that although
one can access double excitations, the accuracy of the BSE and BSE2
kernels for double excitations is rather average. If one has no inter-
est in double excitations, a perturbative treatment is an excellent
alternative to a non-linear resolution of the dynamical equations.
Although it would be interesting to study the performance of such
kernels in the case of stretched bonds, the appearance of singlet
and triplet instabilities makes such type of investigations particularly
difficult.

We hope that the present contribution will foster new develop-
ments around dynamical kernels for optical excitations, in particu-
lar, to access double excitations in molecular systems.
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