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ABSTRACT: The G3W2 approximation�the second-order self-
energy beyond GW�is known to violate some fundamental
analytic properties of the self-energy. In particular, its lack of
positive semidefiniteness leads to unphysical features such as
negative spectral functions. In this work, we reformulate the G3W2
approximation within the algebraic-diagrammatic construction
(ADC) framework. The resulting ADC-G3W2 formalism enforces
the same analytic form as the exact self-energy, namely a spectral
representation, and, consequently, guarantees positive semidefiniteness. Starting from the GW self-energy, we construct a hierarchy
of ADC-based approximations of increasing sophistication, including ADC-2SOSEX, ADC(3)-G3W2, and a full ADC-G3W2
scheme. These methods can be interpreted as infinite resummations of vertex corrections to the self-energy, yielding Hermitian
effective Hamiltonians whose diagonalization provides quasiparticle and satellite energies. This establishes a formal bridge between
many-body perturbation theory formulated in terms of the screened interaction W and conventional ADC schemes based on the
bare Coulomb interaction. The performance of these ADC-based approximations is gauged for valence ionization potentials and
benchmarked against their parent method.

Many-body perturbation theory (MBPT)1,2 has under-
gone rapid development in recent years.3−7 Although

historically rooted in condensed matter physics,8−13 it has
emerged as a viable and competitive framework for quantum
chemical calculations on molecular systems.14−23 In particular,
MBPT-based approaches have become well-established tools
for the computation of ionization potentials23−35 and optical
excitations36−49 at a computational cost that remains
affordable50−63 while achieving an accuracy comparable to
that of wave function methods.
Within this context, the GW approximation has proven

especially successful.3−5,64,65 In this approach, the one-body
Green’s function G is obtained through the Dyson equation

G G1
0

1= (1)

(where G0 is the Hartree Green’s function) by approximating
the self-energy Σ as the product of G and the dynamically
screened Coulomb interaction W

GWiGW = (2)

where W = v + WP is conveniently decomposed into its bare
(static) Coulomb part v and a (dynamic) polarizable
contribution WP. This self-energy is represented diagrammati-
cally in the left panel of Figure 1. The GW approximation can
be straightforwardly derived from Hedin’s equations by
retaining only the lowest-order contribution to the vertex
function Γ. While this approximation captures a substantial
fraction of dynamical correlation effects and provides a proper
description of quasiparticle states in weakly correlated systems,

it remains inadequate for multireference systems,66,67 strongly
correlated materials,68−75 or multiparticle processes such as
satellite excitations.28,76,77

Going beyond GW is done through the inclusion of vertex
corrections, either in the self-energy Σ and/or in the
polarizability P (which is used to compute W). Vertex
corrections in the self-energy correspond to going beyond
first order in the screened interaction W and are commonly
referred to as outer-vertex corrections,78−83 while vertex
corrections in the polarizability improve the screening itself
by incorporating interaction effects beyond the direct random-
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Figure 1. Diagrammatic representation of the GW (left) and G3W2
(right) self-energies. The solid and wiggly lines represent G and W,
respectively.
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phase approximation (RPA) and are known as inner-vertex
corrections.14,25,26,84−89 A growing body of evidence indicates
that these two types of corrections should be treated on an
equal footing:52,76,90−108 the apparent success of standard GW
often relies on a fortuitous cancellation of errors between Σ
and P.25,76,82,106,108 As a result, systematic improvements over
GW necessitate the consistent inclusion of both inner- and
outer-vertex corrections, thereby providing a more balanced
and physically sound description of electronic correlation.
However, it is often unclear how to systematically improve

each of these quantities in a controlled and reliable manner.
For example, in the case of the self-energy, going beyond GW
typically amounts to adding higher-order terms in the
perturbative expansion of Σ with respect to W.76 The leading
correction beyond GW is provided by the second-order self-
energy, commonly referred to as the G3W2 approxima-
tion81−83,109

GWGWGiG W GW3 2 2= + (3)

This additional term is represented diagrammatically in the
right panel of Figure 1. A natural approximation of this self-
energy is obtained by discarding the computationally expensive
i2GWPGWPG contribution82,83

GvGvG GW GvG GvGW Gi i iGW2SOSEX 2 2
P

2
P= + + +

(4)

This computationally more affordable approximation that
retains the dominant second-order exchange and screening
effects beyond GW is referred to as the second-order screened
exchange (2SOSEX) contribution.
Unfortunately, the convergence properties of such perturba-

tive series are largely unknown, and the naive inclusion of
higher-order contributions may lead to erratic or even
deteriorated results. Moreover, truncated perturbative ex-
pressions may violate fundamental properties of the self-
energy. For example, they are not guaranteed to have a spectral
representation, i.e., the same analytic form as the exact self-
energy,110 or they might not be positive semidefinite (psd).
This latter property of the self-energy is sufficient to ensure
that the associated spectral function of G is positive.111 These
issues are not specific to perturbative expansions in terms ofW,
but were already recognized in early many-body perturbation
theories formulated in terms of the bare Coulomb interaction
v.111

Stefanucci and co-workers have shown, using diagrammatic
techniques, how to complete an approximate self-energy into a
psd approximation by adding a finite number of dia-
grams.112−114 Recently, this scheme has been applied to the
2SOSEX approximation, and the performance of the resulting
2SOSEX-psd self-energy has been gauged for ionization
potentials of molecules.83 Note that the resulting psd self-
energies obtained within this formalism do not necessarily
admit a spectral representation.
The algebraic-diagrammatic construction (ADC) goes one

step further, as it is specifically designed to complete an
approximate self-energy into a form that preserves the analytic
structure of the exact self-energy. This objective cannot, in
general, be achieved by adding only a finite number of
diagrams, as in the aforementioned scheme. Instead, ADC
relies on infinite resummations of diagrammatic contributions
to enforce this property. This scheme was originally applied to
the perturbation expansion of the self-energy in terms of the

Coulomb interaction, and this led to the ADC(n) family of
approximations for the self-energy.115−117

In this work, we extend this idea by applying the ADC to the
perturbative expansion of the self-energy in terms ofW. Within
this perspective, ADC can be interpreted as an infinite
resummation of vertex corrections to the self-energy, yielding
a hierarchy of ADC-based approximations that explicitly admit
a spectral representation and are, hence, positive semi-
definite.117 This framework provides a route to improve
upon GW through the inclusion of vertex corrections while
maintaining fundamental analytic properties of the self-energy.
A conceptually related, albeit distinct, strategy has recently
been explored within the multichannel Dyson equation
formalism118,119 to construct a screened formulation based
on the static limit of W.120

Importantly, the present ADC treatment addresses only the
outer-vertex part of the problem. Identifying the appropriate
inner-vertex corrections that should accompany this approach
remains an open and essential question. As will be discussed in
the concluding section, a balanced treatment of both
contributions is expected to improve accuracy and reduce
the reliance on error cancellation, thereby paving the way
toward a more complete and predictive MBPT framework.
The nth-order ADC approximation for the self-energy,

denoted ADC(n), is defined as being complete through nth
order in the Coulomb interaction and having a spectral
representation. This latter property is enforced by adding and
resumming a well-defined subset of higher-order contributions.
Solving the Dyson equation using an approximate ADC(n)
self-energy is referred to as Dyson-ADC(n) in the literature.117

Formally, the ADC procedure starts from the exact spectral
representation of the self-energy. The self-energy can be
decomposed as

( ) ( ) ( ) ( )= + + + (5)

where Σ(∞) is the static self-energy, while Σ−(ω) and Σ+(ω)
are the lesser and greater, also known as hole and electron,
branches of the dynamical part of the self-energy, respectively.
The branches of the dynamical self-energy have the following
diagonal spectral representation

V V( ) ( ) ( ) 1= · ·± ± † ± ± (6)

where V± contains the so-called Dyson amplitudes, ± is a
diagonal matrix gathering the poles of the self-energy in the
lower/upper part of the complex plane, and ω = ω1. Upon
unitary transformations Q± such that

U Q V K C Q Q( )= · + = · ·± ± ± ± ± ± ± ± † (7)

one can go from the diagonal spectral representation to the
equivalent nondiagonal ADC form

U K C U( ) ( ) ( ) 1= · ·± ± † ± ± ± (8)

where K± are diagonal matrices corresponding to the zeroth-
order approximation of the diagonal matrices ±.
So far, the discussion has been formulated in terms of the

exact self-energy. To construct the desired ADC(n) scheme,
the matrices U± and C± are expanded perturbatively as

U U U ...,(1) ,(2)= + +± ± ± (9a)

C C C ...,(1) ,(2)= + +± ± ± (9b)
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The corresponding perturbative expansion of the self-energy
branches then reads

U K C K U

U K U

U K U

U K U

U K C K

U

( ) ( ) ( ) ( )

( )

( )

( )

( ) ( )

...

k

k1

0

1

,(1) 1 ,(1)

,(2) 1 ,(1)

,(1) 1 ,(2)

,(1) 1 ,(1) 1

,(1)

= · · [ · ] ·

= [ ] · ·
+ [ ] · ·
+ [ ] · ·
+ [ ] · · · ·

+

± ± † ±

=

± ± ±

± † ± ±

± † ± ±

± † ± ±

± † ± ± ±

± (10)

The perturbative expansions of blocks U± and C± are
determined by explicitly identifying eq 10 with the
corresponding perturbative expansion of the self-energy in
powers of the bare Coulomb interaction.117 Once determined,
these quantities can be inserted into eq 8 to get the ADC(n)
approximate self-energy.
Upon substitution into the Dyson equation, and owing to its

structure [see eq 8], the problem can be reformulated as a
Hermitian eigenvalue problem.115−117 The eigenvalues of the
resulting effective Hamiltonian correspond to the poles of the
one-body Green’s function, that is, the ionization potentials
(IPs) and electron affinities (EAs) of the system. Note that, for
each type of charged excitations, this effective Hamiltonian
provides both quasiparticle and satellite energies.
The main idea of this work is to apply this procedure to the

G3W2 self-energy, thereby completing it into an approxima-
tion, referred to as ADC-G3W2, that retains the analytic
structure of the exact self-energy. The electron and hole
branches of the G3W2 self-energy can both be written in terms
of intermediate quantities as (see the Supporting Information
for a detailed derivation)

U K U

U K U U

K U

U K C K U

U K U

U K U

U C K U

K U C K

U

( ) ( )

( )

( )

( ) ( )

( )

( )

( )

( ) ( )

1
,(1)

1
1

1
,(1)

1
,(2)

1
1

1
,(1)

1
,(1)

1
1

1
,(2)

1
,(1)

1
1

1 1
1

1
,(1)

1
,(3)

1
1

1
,(1)

1
,(1)

1
1

1
,(3)

2
,(1)

2/1 1
1

1
,(1)

2
1

2
,(1)

2/1 1
1

1
,(1)

= [ ] · ·
+ [ ] · · + [ ]
· ·
+ [ ] · · · ·
+ [ ] · ·
+ [ ] · ·
+ [ + · · ]

· ·[ + · ·

]

± ± † ± ±

± † ± ± ± †

± ±

± † ± ± ± ±

± † ± ±

± † ± ±

± ± ± ± †

± ± ± ±

± (11)

The explicit expressions of all matrix elements for each
branch will be detailed below. One can readily see that the
G3W2 self-energy, when written in terms of these intermediate
quantities, closely resembles the perturbative expansion of the
self-energy in eq 10. Owing to this formulation, it becomes
possible to identify the different contributions to the ADC
blocks and to construct the corresponding ADC effective
Hamiltonian based on the G3W2 self-energy. For clarity, we
deliberately refrain from assigning perturbative orders to the
various terms, as these can be misleading in the present context
and are not required for the construction of the ADC scheme.
In the following, ϵp are the reference mean-field energies, Ων

are the direct RPA excitation energies, Xia,ν and Yai,ν the

elements of the corresponding eigenvectors, ⟨pq|rs⟩ are two-
electron integrals in Dirac notations, and

M pa qi X pi qa Y2pq
ia

ia ai, , ,= [ | + | ]
(12)

are the GW effective integrals. (We refer the reader to ref 5 for
more details.) Here, the indices p, q, r, s, ··· are used for
arbitrary orbitals, i, j, k, l label the occupied orbitals, a, b, c, d
denote the virtual orbitals, and μ, ν, ··· are used for combined
occupied-virtual indices. All quantities are expressed in the
spatial-orbital basis.
Retaining only the first term in Σ+ [see eq 11], together with

its counterpart in Σ−, recovers the standard GW self-energy.
The ADC identification procedure naturally begins from this
contribution, which defines the leading terms of the diagonal
matrices K− and K+,

K( ) ( )i j i ij1 , = (13a)

K( ) ( )a b a ab1 , = ++
(13b)

As usual, these contributions correspond to the inclusion of
two-hole-one-particle (2h1p) and two-particle-one-hole
(2p1h) configurations. In this case, the energies of these
configurations are “dressed”, as they are constructed from RPA
excitation energies. The corresponding leading contributions
to the coupling matrices are

U M( )i q qi1
,(1)

, ,= * (14a)

U M( )a q aq1
,(1)

, ,=+
(14b)

which are likewise dressed quantities (i.e., GW effective
integrals) in the present formalism. Once included in eq 8,
solving the Dyson equation becomes equivalent to diagonal-
izing the following effective Hamiltonian117

i

k

jjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzz
H

f U U

U K C

U K C

0

0

( ) ( )1 1

1 1 1

1 1 1

= +

+

† + †

+ + +

(15)

with C1
− = 0, C1

+ = 0, U1
− = U1

−,(1), and U1
+ = U1

+,(1). Here, f
represents the Fock matrix in the orbital basis.
The resulting ADC-GW Hamiltonian corresponds to the

standard GW self-energy in its upfolded form.27,121−126 In
other words, the associated ADC-GW scheme is formally
equivalent to the conventional GW approximation. In this case,
the ADC procedure does not introduce any additional terms,
which is expected since the GW self-energy already admits a
spectral representation.83 This situation is closely analogous to
the equivalence between ADC(2) and the second-order
Green’s function (GF2) self-energy.117

Going beyond the GW approximation, one may apply the
ADC procedure to the first three terms of Σ±. These terms
form the 2SOSEX-aug self-energy introduced in ref 83. and
defined as the 2SOSEX self-energy [see eq 4] with one
additional second-order exchange term of the form i2GvGvG.
This leads to additional contributions to the coupling blocks

U
M ic kq M ik cq

( )i q
kc

ck

c k kc

kc

c k
1

,(2)
,

, ,=
* |

+
+

* |

(16a)
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U
M ak cq M ac kq

( )a q
kc

ck

c k kc

kc

c k
1

,(2)
,

, ,=
|

+
+

|+

(16b)

that must be included in the effective Hamiltonian [see eq 15].
The ADC scheme with all contributions determined so far is
referred to as ADC-2SOSEX. The composition of the various
blocks entering the effective Hamiltonian in the different ADC-
based schemes considered here is summarized in Table 1.
When including the corresponding contributions in eq 8,

one can see that the ADC-2SOSEX self-energy has two
additional terms, [U1

−,(2)]†·(ω − K1
−)−1·U1

−,(2) and [U1
+,(2)]†·(ω

− K1
+)−1·U1

+,(2), compared to the 2SOSEX-aug self-energy. In
this case, the ADC procedure generates only a finite number of
additional contributions because there are no contributions in
the C± blocks so far [see eq 10]. Note that ADC-2SOSEX is
exactly equivalent to the GW+2SOSEX-psd self-energy
reported in ref 83. and derived using the procedure of refs
112−114.
Proceeding toward the full G3W2 self-energy, the next

contributions to be included correspond to the fourth term in
eq 11, which determines the first contribution to the diagonal
blocks

C
M M M M

( )
1
2

1
2i j

c

ic jc

i c c

ic jc

j c
1

,(1)
,

, , , ,=
*

+
+

*

+
(17a)

C
M M M M

( )
1
2

1
2a b

k

ka kb

a k k

ka kb

b k
1

,(1)
,

, , , ,=
*

+
*

+

(17b)

The ADC scheme incorporating all contributions identified
thus far will be referred to as ADC(3)-G3W2 (see Table 1). At
this stage, the inclusion of C in the resolvent (ω − K − C)−1

effectively generates an infinite resummation of diagrams.
Finally, applying the ADC procedure to the full G3W2 self-

energy [see eq 11] yields a new approximation to the self-
energy, which we denote ADC-G3W2. The remaining G3W2
self-energy terms not yet accounted for provide a third
contribution to the coupling blocks

U
M M M

M M M

M M M

M M M

( )
1
2 ( )( )

( )( )

( )( )

( )( )

i q
kc

ic kc qk

c k c i

kc

ci kc kq

c k c i

kc

ki ck cq

c i c k

cd

di cd cq

c i d i

1
,(3)

,
, , ,

, , ,

, , ,

, , ,

=
* *

* *

+
* *

+ + +

+
* *

+ + +
(18a)

U
M M M

M M M

M M M

M M M

( )
1
2 ( )( )

( )( )

( )( )

( )( )

a q
kc

ka kc cq

c k a k

kc

ak kc qc

c k a k

kc

ac ck qk

a k c k

kl

al lk qk

a k a l

1
,(3)

,
, , ,

, , ,

, , ,

, , ,

=
*

*

+
*

+ + +

+
*

+ + +

+

(18b)

They also introduce additional diagonal blocks correspond-
ing to the inclusion of three-hole-two-particle (3h2p) and
three-particle-two-hole (3p2h) configurations

K( ) ( )i j i ij2 , = (19a)

K( ) ( )a b a ab2 , = + ++
(19b)

together with the corresponding coupling blocks

U
M M

( )i q
c

ci qc

c i
2

,(1)
,

, ,=
* *

+ (20a)

U
M M

( )a q
k

ak kq

a k
2

,(1)
,

, ,= +
+

+

(20b)

Finally, couplings arise between the 2h1p and 3h2p
configurations, as well as between the 2p1h and 3p2h
configurations

Table 1. Composition of the Various Blocks Entering the Different ADC-Based Schemes Considered in This Worka

Blocks Config. ADC-GW ADC-2SOSEX ADC(3)-G3W2 ADC-G3W2

U1
− 2h1p U1

−,(1) U1
−,(1) + U1

−,(2) U1
−,(1) + U1

−,(2) U1
−,(1) + U1

−,(3)

U1
+ 2p1h U1

+,(1) U1
+,(1) + U1

+,(2) U1
+,(1) + U1

+,(2) U1
+,(1) + U1

+,(2) + U1
+,(3)

K1
− + C1

− 2h1p K1
− K1

− K1
− + C1

−,(1) K1
− + C1

−,(1)

K1
+ + C1

+ 2p1h K1
+ K1

+ K1
+ + C1

+,(1) K1
+ + C1

+,(1)

U2
− 3h2p 0 0 0 U2

−,(1)

U2
+ 3p2h 0 0 0 U2

+,(1)

K2
− + C2

− 3h2p 0 0 0 K2
−

K2
+ + C2

+ 3p2h 0 0 0 K2
+

C1/2
− 2h1p/3h2p 0 0 0 C1/2

−,(1)

C1/2
+ 2p1h/3p2h 0 0 0 C1/2

+,(1)

aSee the main text for the explicit expression of each block.
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C M( )i j ji2/1
,(1)

, ,= * (21a)

C M( )a b ab2/1
,(1)

, ,=+
(21b)

As a result, the effective Hamiltonian must be expanded to
include the 3h2p and 3p2h configurations with respect to eq
15, leading to

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz

H

f U U U U

U K C C

U C K C

U K C C

U C K C

0 0

0 0

0 0

0 0

( ) ( ) ( ) ( )

( )

( )

1 2 1 2

1 1 1 2/1

2 2/1 2 2

1 1 1 2/1

2 2/1 2 2

=

+

+

+

+

† † + † + †

†

+ + + + †

+ + + +

(22)

Starting from eq 11, ADC-G3W2 thus performs an infinite
resummation of diagrams, yielding an approximation that
admits a spectral representation.
As can be seen from the above equation, the effective

Hamiltonian associated with this ADC-based resummation is
Hermitian. This property follows from the particular
expression of the self-energy [see Eq. 11] used to derive the
various blocks. Specifically, this expression was obtained
following the procedure introduced in ref 83., where the
authors showed that decomposing dressed poles of the form ω
− ϵp ± Ων together with bare poles (i.e., involving three single-
particle energies) in the G3W2 self-energy yields a self-energy
expressed solely in terms of dressed poles. The ADC procedure
could, in principle, have been applied directly to the G3W2
self-energy prior to this decomposition. However, the resulting
resummation would then be associated with a non-Hermitian
effective Hamiltonian. Although the decomposition strategy
can, in principle, be extended to any vertex correction to the
self-energy, there is no guarantee that a form yielding a
Hermitian effective Hamiltonian can always be found. Finally,
it is worth noting that the resummation performed prior to
pole decomposition can be described using the standard
Goldstone diagrammatic rules. By contrast, the terms
appearing in Eq. 11 after decomposition cannot be represented
within this framework.
Multiple implementations of the various schemes have been

benchmarked using two complementary approaches: either full
diagonalization of the resulting Hermitian matrices, performed
with the QUACK software,127 or a root-following Davidson
algorithm implemented in a Python code that heavily relies on
functionalities provided by PySCF.128,129 The computational
scaling of the Davidson-based implementation for the
determination of a single root is reported in Table 2, together
with an example of a contraction/intermediate illustrating the
associated computational complexity. Note that the diagonal-
ization of the RPA eigenvalue problem, which scales as K( )6

(K being the number of basis functions), and the integral
transformation, which scales as K( )5 , required to construct
Mpq,ν are not included in these estimates, as they are common
to all methods.
In all calculations, Hartree−Fock orbitals and energies are

used as a starting point, the broadening parameter η is set to
zero, and the Davidson solver used to compute the
quasiparticle energies is converged to a threshold of 10−8Eh.

To avoid numerical instabilities associated with small energy
denominators, we employ an energy-dependent regularization
scheme with the flow parameter fixed at s = 106.126,130 This
large value of s corresponds to an extremely weak
regularization, effectively leading to unregularized results.
The 2SOSEX and G3W2 calculations have been performed
with QUACK and the implementation has been verified against
MOLGW.131 The corresponding quasiparticle energies have been
obtained by solving the frequency-dependent quasiparticle
equation within the diagonal approximation, i.e., for each
orbital independently. Moreover, we have implemented the
Dyson version of ADC(2) and ADC(3) in their spin-adapted
form.116,132 Non-Dyson ADC(2) and ADC(3)133−137 calcu-
lations have been performed with PySCF.128,129

Here, we consider the set of inner- and outer-valence IPs
designed in ref 28., which is composed of 58 valence IPs
computed in small molecular systems. The molecular geo-
metries have been extracted from the same study. The
reference IPs, the so-called theoretical best estimates (TBEs),
are computed at the full configuration interaction (FCI) level
and are thus highly accurate. All IPs are computed in the aug-
cc-pVDZ basis set.
First, we compute this set of IPs within the diagonal

approximation using the following methods: ADC-GW
(equivalent to the one-shot G0W0 scheme), 2SOSEX, ADC-
2SOSEX (equivalent to 2SOSEX-psd83), G3W2, and ADC-
G3W2. The diagonal approximation in ADC schemes
corresponds to restricting the Fock matrix to a single orbital
energy and diagonalizing it for each orbital. We then consider
several ADC schemes, namely ADC-GW, ADC-2SOSEX,
ADC(3)-G3W2, and ADC-G3W2, beyond the diagonal
approximation, i.e., the effective Hamiltonian is diagonalized
once, and all quasiparticle energies are obtained from a single
calculation. All the raw data can be found in the Supporting
Information. In addition, we evaluate the same set of IPs at the
ADC(2) and ADC(3) levels within the Dyson formalism. In
this framework, the hole and electron sectors are coupled, as in
the ADC schemes developed in the present study. For
completeness, the Supporting Information also reports the
corresponding non-Dyson ADC(2) and ADC(3) results, in
which the two sectors are decoupled. These results show that,
while Dyson and non-Dyson ADC(2) yield similar IPs, the
differences become significantly more pronounced at the
ADC(3) level (see below).138−140

Table 2. Computational Scaling of the Various ADC
Schemes Presented in This Work, Together with an
Example of Contraction/Intermediate Illustrating the
Origin of Their Overall Scalinga

Method Scaling Contraction/Intermediate

ADC-GW K( )4 ∑bνMab,νrbν(n)

ADC-2SOSEX K( )5 r
M

b
n( )ck

c k

,
+

ADC(3)-G3W2 K( )5 r
M

b
n( )ck

c k

,
+

ADC-G3W2 K( )7 M

( )( )
di

c i d i

,*

+ + +

aThe diagonalization of the RPA eigenvalue problem [ K( )6 ] and
the integral transformation [ K( )5 ] required to construct Mpq,ν [see
Eq. 12] are common to all methods and are therefore not included in
these estimates. Here, K denotes the number of basis functions and
rbν(n) an element of the nth excitation vector.
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Figure 2 reports the error distribution (with respect to the
TBEs) for the various self-energies within the diagonal
approximation. The GW approximation yields a MAE of
0.385 eV and a MSE of 0.200 eV, in agreement with previous
reports for this set of IPs.28,141 The 2SOSEX and ADC-
2SOSEX approximations yield similar MSEs (0.520 and 0.515
eV, respectively), while the MAE of ADC-2SOSEX (0.615 eV)
is slightly larger than that of its 2SOSEX counterpart (0.559
eV). This trend contrasts with the findings of ref 83, where
Bruneval and co-workers reported that, using the same set of
Hartree−Fock starting orbitals, the 2SOSEX-psd self-energy
provides more accurate results than 2SOSEX for the GW100
benchmark set (MAEs of 0.29 and 0.49 eV, respectively). It is
worth noting that GW100 contains only principal IPs, whereas
the present set additionally includes inner-valence excitations,
which are significantly more challenging to describe, even at
the GW level. Finally, G3W2 yields a MAE of 0.546 eV and a
MSE of 0.529 eV, in line with results obtained for the GW100
benchmark, where a MAE of 0.51 eV was reported.82 Within
the diagonal approximation, ADC-G3W2 yields a MAE of

0.532 eV and a MSE of 0.510 eV, slightly improving these
statistical indicators without substantially altering the overall
picture.
In Figure 3, we report the error distribution (with respect to

the TBEs) for the various ADC schemes. Among these, ADC-
GW yields the smallest MAE of 0.381 eV. This MAE increases
to 0.620 eV for ADC-2SOSEX and further to 0.649 eV for
ADC(3)-G3W2, before decreasing to 0.537 eV for ADC-
G3W2. A similar trend is observed for the MSEs, which are all
positive and of comparable magnitude to the corresponding
MAEs (see Figure 3). For comparison, ADC(2) and ADC(3)
yield MAEs of 0.781 and 0.314 eV, respectively, with MSEs of
opposite sign [−0.605 eV for ADC(2) and 0.300 eV for
ADC(3)]. For the corresponding non-Dyson variants, the
MAEs are 0.851 eV for ADC(2) and 0.404 eV for ADC(3),
while the MSEs amount to − 0.683 and 0.293 eV, respectively
(see the Supporting Information). As mentioned earlier,
decoupling the hole and electron sectors has little effect on
the IPs at the ADC(2) level, whereas it noticeably increases the
MAE at the ADC(3) level. As anticipated, ADC-G3W2 is

Figure 2. Histogram of the errors (with respect to the TBEs) for the inner- and outer-valence IPs computed with various self-energy schemes in the
aug-cc-pVDZ basis set. All calculations are performed in the diagonal approximation.

Figure 3. Histogram of the errors (with respect to the TBEs) for the inner- and outer-valence IPs computed with various ADC schemes in the aug-
cc-pVDZ basis set. All calculations are performed without diagonal approximation.
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found to be less accurate than the conventional ADC-GW
scheme. Nevertheless, the inclusion of inner-vertex corrections
is expected to improve the performance of ADC-G3W2, while
the accuracy of ADC-GW is known to deteriorate as the
description of screening is refined.25,106,108 We hope to report
on such inner-vertex corrections within ADC-G3W2 in future
work.
The present work may be viewed as an ADC-based

treatment of outer-vertex corrections to the self-energy,
thereby providing a beyond-GW self-energy that retains the
correct spectral representation. A natural and important next
step is therefore to identify the corresponding inner-vertex
corrections that should accompany this approach, in order to
restore consistency between the self-energy and the polar-
izability. Such a balanced treatment is expected to improve the
accuracy of the method.
From a practical perspective, non-Dyson variants of the

ADC-G3W2 schemes appear attractive, as they avoid the need
for a root-following Davidson algorithm.133−137 While non-
Dyson approaches have been explored at the GW
level,121,124,141 their behavior within the G3W2 framework
remains largely unexplored and therefore warrants systematic
investigation. In addition, another natural perspective for this
work would be to perform these calculations self-consistently,
or include an effective static contribution to the self-energy,
which could be used to mimic partial self-consistency effects.
Although such static corrections have been formulated at the
GW level,142−144 their extension to the G3W2 approximation
remains to be derived.
Beyond these developments, extending the present ADC-

based GW and G3W2 schemes to the multireference case
constitutes another appealing yet challenging direction for
future work. Multireference extensions within the ADC
framework have recently been proposed.140,145−149 Although
encouraging results have been reported recently,67 the most
suitable strategy for incorporating multireference effects into
the present formalism remains unclear at this stage. Together,
these perspectives outline several promising avenues for
extending the present framework toward a more complete,
accurate, and efficient description of electronic correlation
within many-body perturbation theory.
Finally, it is worth noting that ADC and coupled-cluster

theories150−154 share a common diagrammatic language rooted
in Goldstone diagrams, which has already enabled the
establishment of formal connections between these ap-
proaches.139,155−159 In this context, the present links between
ADC and GW may contribute to a deeper understanding of the
relationships between many-body perturbation theory and
coupled-cluster methodologies. Recent studies have further
clarified these connections, revealing deep formal links and
offering a unified perspective on the respective strengths and
limitations of these frameworks.123,124,160−167
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