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ABSTRACT

We introduce a systematic hierarchy of one-body Green’s function methods derived from the GW approximation, constructed by pro-
gressively reducing the dynamical content of the self-energy. Starting from the fully dynamical Dyson formulation, we generate a family
of approximations that interpolates between the standard GW approximation and purely static effective single-particle Hamiltonians. This
framework enables a controlled investigation of the role of dynamical effects and particle-hole coupling in the description of ionization poten-
tials. Within this unified formalism, the hole and particle branches can be selectively decoupled through downfolding strategies into reduced
one-particle spaces. By benchmarking the different members of this hierarchy on molecular ionization energies, we assess their accuracy,
numerical robustness, and algorithmic complexity. We demonstrate that consistently derived partially static schemes can yield reliable quasi-
particle energies while significantly simplifying the underlying eigenvalue problem. We further introduce a novel static Hermitian self-energy

obtained as the static limit of this hierarchy. Despite its conceptually distinct origin, it produces results remarkably close to those of gsGW,

thereby providing an alternative static route toward partial self-consistency.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0338355

. INTRODUCTION

The computation of charged excitations confronts electronic
structure theory with a fundamental tension between physical
fidelity and algorithmic tractability. On the one hand, ioniza-
tion potentials (IPs) and electron affinities (EAs) are governed by
energy-dependent correlation effects stemming from the coupling
between single-particle states and collective excitations. On the other
hand, practical calculations ultimately require the solution of well-
conditioned eigenvalue problems, whose numerical properties are
often at odds with the underlying many-body physics. The history of
Green’s function methods for charged excitations can thus be read,
to a large extent, as a sequence of compromises between these two
requirements.l ¢

Within this context, the GW approximation” > has emerged
as one of the most successful and widely used approaches for
computing IPs and EAs, striking a favorable balance between
accuracy and computational cost."’ > Its popularity stems from a

physically transparent description of dynamical screening, which
provides an effective account of electron-electron interactions
beyond mean field theory, captures a large fraction of correla-
tion effects relevant to charged excitations,””” and has well-defined
formal connections with coupled-cluster theory.”*

Despite its success, the GW approximation admits a variety of
practical implementations that differ significantly in how the self-
energy is represented and evaluated. In particular, most applications
rely on a diagonal, perturbative treatment of the quasiparticle equa-
tion, commonly referred to as Go Wo,” ™ in which off-diagonal
couplings are neglected. Closely related in spirit, the static Coulomb-
hole plus screened-exchange (COHSEX) approximation”' ™’ may
be viewed as the zero-frequency limit of the GW self-energy and
provides a conceptually simple, albeit approximate, reference point
within this hierarchy.

In addition, a broad spectrum of self-consistent extensions
has been developed with the aim of reducing the dependence on
the underlying mean field starting point. These include partially
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self-consistent schemes such as evGW,""** *’ where only the quasi-

particle energies entering the screened Coulomb interaction and the
Green’s function are updated, and qsGW,l’k‘m\51 7 which enforces
self-consistency at the level of an effective static, Hermitian self-
energy for both quasiparticle energies and orbitals. At the opposite
end of the spectrum lie fully self-consistent GW approaches, in
which the full frequency dependence (i.e., beyond the quasiparti-
cle approximation) of both the Green’s function and the self-energy
is retained at each iteration.”” " Together, these schemes not only
highlight the flexibility of the GW framework but also underscore
the lack of a unified computational approach.

A less frequently emphasized aspect of GW implementations
concerns the structure of the eigenvalue problem that must be
solved to access physical observables. In its most common diago-
nal form, Gy Wy requires solving a nonlinear quasiparticle equation
for each state of interest. In contrast, in fully dynamical Dyson
formulations, the self-energy can be represented through a super-
matrix that couples the one-hole (1h) and one-particle (1p) states to
the two-hole-one-particle (2h1p) and two-particle-one-hole (2p1lh)
configurations.””*"*% " In this coupled representation, the physi-
cally relevant quasiparticle energies, namely, the principal IPs and
EAs, appear as interior eigenvalues of a large matrix. Therefore,
accessing these states reliably requires dedicated algorithms, such
as state-following variants of the Davidson method, which allow
one to track specific eigenstates. Although less robust, these tech-
niques also make it possible, in principle, to access inner-valence IP
states.

Between these two extremes lies a broad landscape of inter-
mediate approximations. In particular, it is not a priori necessary
to treat all components of the self-energy on the same dynami-
cal footing. The hole and particle branches of the GW self-energy
encode distinct physical processes and may be selectively down-
folded or rendered static without entirely abandoning dynamical
correlation effects. Such asymmetric treatments naturally give rise
to hybrid schemes that interpolate between fully dynamical Dyson
formulations and purely static effective Hamiltonians.

In parallel, many non-Dyson approaches have been explored,
most notably within the algebraic-diagrammatic construction
(ADC) framework,” "* where the explicit coupling between hole
and particle sectors is removed by construction.” ' A notable
advantage of the non-Dyson framework is that the IP and EA sectors
can be explicitly decoupled.”” In this block-separated formulation,
the principal IPs and EAs become extremal eigenvalues of their
respective blocks. This transformation eliminates the need to tar-
get interior eigenvalues and enables the use of standard Davidson
algorithms.

Recent studies have reported that non-Dyson schemes within
the GW approximation may exhibit deceptive or inconsistent per-
formance compared to their Dyson counterparts.””*” These obser-
vations raise fundamental questions regarding the role of dynamical
effects and sector coupling in Green’s function methods. In this
work, we revisit these issues from a unified perspective. Starting
from the supermatrix formulation of the GW approximation, we
introduce a systematic hierarchy of schemes obtained by progres-
sively reducing the dynamical content of the self-energy. By selec-
tively downfolding the 2h1p and 2p1h configuration spaces and by
evaluating specific branches of the self-energy in the static limit, we
construct a continuous family of approximations ranging from the
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fully dynamical GW theory to purely static effective single-particle
Hamiltonians.

This framework allows us to systematically disentangle the
effects of dynamical correlations and sector coupling. It also
clarifies the formal connections between standard GoW, prac-
tice, half-dynamical hybrid schemes, and approaches mimicking a
non-Dyson construction, reminiscent of ADC-like constructions.
Through numerical benchmarks on molecular IPs, we assess the
accuracy and limitations of the various members of this hierarchy
and demonstrate that these schemes can perform significantly better
than previously anticipated when derived consistently.

Il. THEORY

In this work, the indices p, g, 1,s, . .. are used for arbitrary spin
orbitals; i,j, k, [ label the occupied orbitals; a, b, c,d denote the vir-
tual orbitals; and g, v, . . . (collective) combined particle-hole indices.
The 1h space has the size of the number of occupied orbitals and will
be denoted N'", while the 1p space has the size of the number of
unoccupied orbitals and will be denoted N'P. We also define the size
as the 2h1p space and the 2p1h space has N*"'P = (N'")2N'P and
NP = N'P(N'P)2 ) respectively. In the following, the theory section
is structured according to the target single-particle space to which
the decoupling is applied: the full single-particle space (1h + 1p,
Sec. IT A), a reduced single-particle space (1h or 1p only, Sec. II B),
and diagonal elements only (Sec. II C).

A. Full single-particle space (1h + 1p)

The construction of the different members of the present hier-
archy starts from a reformulation of the GW approximation (used
here synonymously with Go W) as a linear eigenvalue problem,

(H-wl)-R=0, (1)
known as the supermatrix representation.””*****"*® This formula-
tion makes explicit the coupling between single-particle states and
higher-order particle-hole configurations. In this representation,
the effective Hamiltonian reads

F MZhlp)T (leolh)T
H=| ppe chip 0 i )
M2p1h 0 C2p1h

where the Fock matrix F is conveniently decomposed into its 1h and

1p subspaces,
1h
0
F- (f ) flp). ()

(In other words, Brillouin’s theorem is fulfilled.) Throughout this
work, we assume a canonical Hartree—-Fock (HF) orbital basis, which
renders the Fock matrix diagonal. The corresponding eigenvector
can be decomposed analogously according to its components in the
different subspaces,

r

1h
r
R=|/0 r :( 1P). (4)
Fp1h r
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This linear eigenvalue problem can equivalently be recast as a
nonlinear quasiparticle equation,

[F+2(w)-wl]-r=0, 5)
where the correlation part of the self-energy is given by
2(w) = 2P (w) + 2" (w)
_ (MZhlp)T ) (wl 3 Czhlp)*1 yeat

+ (MZI’“‘)T ~ (a)l - czlo“l)_1 M (6)

The spectral weight of a given solution is given by Z =||r||*. Solv-
ing the nonlinear equation(5) is completely analogous to solving
the linear eigenproblem (2). Both formulations yield the same set of
eigenvalues, corresponding to quasiparticle energies as well as satel-
lite states. When the quasiparticle solutions can be well identified
from the satellite states, one gets N h NP quasiparticle solutions
and N*"P + N?P!! gatellite solutions.

As seen in Eq. (6), the self-energy naturally separates into a
hole (or 2hlp) branch and a particle (or 2plh) branch. This for-
mulation corresponds to a full downfolding of the 2hlp and 2plh
configuration spaces onto the combined 1h + 1p space. Therefore,
the resulting self-energy X(w) is fully dynamical, as both branches
retain an explicit frequency dependence. Moreover, since the 1h and
1p sectors are coupled through X(w), this formulation is referred to
as 1h + 1p, or the Dyson scheme.

The matrix elements of the fully dynamical self-energy read as

2h1 2pth
Zpg(@) = Zpy P (w) + Zpi " (@)

Pq
_ Mkv,pMkv,q " Z Mcv,pMcv,q (7)
S w-g+Q G w-e-Q
where the coupling blocks are
MZhlp -M MZplh -M (8)
kvg ~ v g = Mevg
with
Mpug = 3 (pelgk) (X + Y )i ©)
ke
and the C blocks are diagonal with elements
CP=e-Qy  CEN =€+ Q (10)

Here, ¢, are the Hartree-Fock orbital energies, (pq|rs) is a two-
electron integral in Dirac notation, Q, is a (positive) random-
phase approximation (RPA) excitation energy, and (X + Y), is its
corresponding eigenvector.

While the fully dynamic formulation provides a formally exact
reformulation of the GW problem within the chosen configura-
tion space, it is not the only possible representation. In practice,
alternative downfolding strategies may be advantageous, either to
reduce computational cost or to facilitate the construction of static,
Hermitian effective Hamiltonians. In particular, one may choose to
downfold only part of the configuration space, leading to hybrid
representations in which some branches of the self-energy remain
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frequency dependent while others are made static. Such construc-
tions naturally interpolate between fully dynamic Dyson schemes
and static quasiparticle approximations.

One such possibility consists in downfolding only the 2p1h sec-
tor onto the 1h + 1p space, while retaining the explicit coupling to
the 2h1p configurations. This choice leads to the following reduced
(frequency-dependent) supermatrix representation,

63))

2h1 2h1
MP cr

HM () = (F + 3P0 () (Mzhlp)T).

Importantly, as long as the full frequency dependence of the 2plh
self-energy is retained, this representation is formally equivalent
to the fully dynamic formulation discussed above and yields the
same eigenvalues. To obtain a Hermitian matrix with a static 1h
+ 1p block, one may instead evaluate the 2p1h self-energy elements

Zf,glh(w) at the symmetric energy point w = (€ + €,)/2. This yields

sapih _ MevpMevg (12)
P cv (€P+€q)/2_€c_Qv’
and the corresponding quasiparticle equation becomes
[F+22h1p(w) + 32 7w1] r=0. (13)

In this construction, the hole branch remains frequency dependent,
while the particle branch is made static. As a result, the spectrum is
no longer identical to that of the fully dynamic self-energy, and both
quasiparticle and satellite energies are modified. For brevity, we refer
to this approximation as the half-and-half (h &h) self-energy. In the
Appendix, we discuss an alternative choice for a symmetric static
branch based on the non-Dyson ADC scheme.”” Numerical experi-
ments show that the quasiparticle energies are largely insensitive to
the specific choice of symmetrization.

This construction highlights that the frequency dependence
of the self-energy is not an all-or-nothing feature but can instead
be selectively retained or eliminated systematically. When the full
frequency dependence of the downfolded branch is preserved,
the resulting formulation remains exactly equivalent to the fully
dynamic Dyson scheme. Approximations arise only once the self-
energy is evaluated at a fixed frequency, which effectively replaces a
dynamical correlation effect by an effective static one.

Thus, the resulting h &h self-energy provides a well-defined
intermediate approximation, in which dynamical correlation effects
are treated asymmetrically between hole and particle sectors. From
a physical perspective, this approximation amounts to retaining
satellite structure on one side of the spectrum while collapsing the
opposite branch into an effective static potential. Such a construc-
tion is particularly appealing in contexts where either hole or particle
satellites are known to play a dominant role."””** Importantly,
within the matrix formulation, the principal IP (typically the quan-
tity of greatest interest) becomes the lowest-energy solution of the
associated linear system, thereby enabling the use of efficient itera-
tive eigensolvers such as the Davidson algorithm, as routinely done

in non-Dyson ADC approaches (see below).”””*”
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A fully analogous construction can be carried out for the
particle sector by instead downfolding the 2h1p branch,

22h1p _ Mkv,pMkv,q

Pq _% (ep+€q)/2— €+ Q) (14)

Finally, downfolding both branches yields a purely static self-
energy,

i _ iZhlp + 22p1h) (15)

which can be viewed as an effective single-particle Hamiltonian
incorporating correlation effects beyond Hartree-Fock,

[F+2%m+i@m—wq-r:0 (16)

While this limit sacrifices the explicit description of satellite features,
it provides a simple and Hermitian framework that may be useful for
exploratory studies or as a starting point for partially self-consistent
schemes (see Sec. I1I). Within the present hierarchy, these various
choices naturally define a family of approximations with increasing
dynamical content, all derived from the same underlying formalism.

B. Reduced single-particle space, 1Th or 1p only

We now turn to the construction of a variant restricted to
the reduced single-particle space (1h or 1p only). Loosely speak-
ing, this approach can be categorized as a non-Dyson approach.
The central idea is to decouple the 1h and 1p sectors by eliminating
their explicit dynamical coupling, while still retaining a frequency-
dependent description of the dominant correlation effects associated
with shake-up processes. In contrast to a Dyson scheme, where both
sectors are mixed through the self-energy, the non-Dyson construc-
tion aims at a block-diagonal structure in Wthh hole and particle
excitations can be treated independently.”””*”

We start by restricting the internal space to the 1h sector of
the Fock matrix. In this case, the supermatrix representation of the
problem reads

f1h mZhlp t m2p1h)T
h= mZhlp CZhlp 0 R (17)
mZplh 0 C2p1h

where m?P is the occupied block of M?P that is, m ihlp Mihlp

A full downfolding of both the 2hlp and 2plh configuration
spaces onto the 1h subspace leads to the following fully dynamical
self-energy,

o(w) = ™ (w) + ™" (w)
_ (mz}up)T ) (a)l 3 Czhlp)*l 3
. (mzplh)T ] (wl 3 C2p]h)_l P (18)
with matrix elements

2h1 2pih
0ij(w) = 0; P(w) + a"P (w)

_ Z Mkv ZMkV] Z

—€k+Qv Py

Mcv,iMcv,j

. 19
w—€—Q, (19)
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The corresponding quasiparticle equation reads as
[flh +o(w) - wl] M=o (20)

Despite the restriction of the internal space to 1h configurations, this
formulation does not yet constitute a genuine non-Dyson scheme,
as the hole sector remains dynamically coupled to the particle sector
through the frequency-dependent contribution 6" (w).

To achieve a true decoupling of the 1h and 1p sectors, we only
downfold the 2p1lh configurations onto the 1h block, yielding the
reduced (frequency-dependent) supermatrix,

hzhlp(w) _ (flh + o'zplh(w) (mthP)T). 1)

2h1 2h1
mP (omt

In practice, to keep the effective 1h block Hermitian and frequency
independent, the 2p1h self-energy is evaluated at a symmetric energy
point, w = (¢; + ¢;) /2. This leads to the following expression for the
non-Dyson self-energy in the hole sector,

6'2P1h M., ZMCV] (22)
i ~ (ei+e€)/2—e—Qy
and the corresponding quasiparticle equation becomes
[flh + 0P (w) + 620 wl] e} (23)

In this formulation, the hole (2hlp) branch retains its explicit
frequency dependence, while the particle (2p1h) contribution is ren-
dered static. An entirely analogous construction can be carried out
for the particle sector, leading to

_2hlp _ Mkv,iMkv,j

2hip _ . (24)
v o (ei+€)[2— e+ Qy

Finally, by evaluating both branches in the static limit, one
obtains a purely static matrix in the 1h (or 1p) space,

o =gy gl (25)

which corresponds to a complete removal of dynamical effects from
the self-energy,

[flh +ghp gl wl] ) (26)

C. Diagonal approximation

The constructions introduced in the two preceding subsections
can be further simplified by restricting the analysis to a single diago-
nal element of the 1h block of the Fock matrix. This corresponds to
neglecting off-diagonal couplings within the 1h space and treating
each orbital independently. Such a reduction leads naturally to the
diagonal approximation, which is commonly employed in practical
Go W, calculations.’
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Within this approximation, the problem associated with a given
occupied orbital i can be formulated in terms of the following
reduced supermatrix:

2h1p\T m2plh)T

€i nﬁ i
h; = m?hlp oy 0 , (27)
m?plh 0 CZplh
2hlp 2plh .
where m;” " and m;" " denote the coupling vectors between the

reference hole state i and the corresponding 2h1p and 2p1h config-
uration spaces. Downfolding these configurations onto the single 1h
state yields a scalar, frequency-dependent self-energy,

gi(w) = 2" (w) + aP"™ (@)
t -1
_ (miZhlp> . (a)l _ Czh1p) .m?hlp

+ (m?plh)T . (wl - CzPlh)_1 -m?plh, (28)

which is precisely the form of the diagonal GW self-energy used in
conventional calculations.

In line with the hierarchical constructions introduced above,
several levels of approximation can be defined depending on how
the hole and particle branches of the self-energy are treated. In par-
ticular, one may retain the full dynamical structure of both branches,
render one of them static, or evaluate both in the static limit. Within
the diagonal approximation, this leads to a corresponding hierar-
chy of diagonal self-energies, constructed from the following static
contributions:

2
_.2'hlp _ Mkv,i (293)

ARTICLE pubs.aip.org/aipl/jcp
h M,
g P = — 29b
7, %:ei—ec—ﬂv (29b)
Gii= P+ 5P (29¢)

The first two expressions define diagonal variants in which only one
branch of the self-energy is treated dynamically, while the other is
replaced by its static counterpart. The last expression corresponds
to the pure static diagonal approximation, in which all dynamical
effects are removed from the self-energy.

These diagonal limits can thus be viewed as the simplest mem-
bers of the broader hierarchy introduced in this work, and they
offer a transparent connection to standard GoW,y practice while
highlighting possible systematic extensions beyond it.

I1l. RESULTS AND DISCUSSION

To evaluate the performance of the different schemes, we com-
pute the inner- and outer-valence IPs for the molecular benchmark
set reported in Ref. 87. This dataset gathers 58 valence IPs for
small molecular systems, evaluated in the aug-cc-pVTZ basis. The
resulting values are compared with (i) fully dynamical GW results
obtained within the complete 1h + 1p reference space as defined in
Eq. (1) (Table I), and (ii) theoretical best estimates (TBEs) extracted
from Ref. 87, computed at the full configuration interaction (FCI)
level (Table IT). For each case, the mean absolute error (MAE),
the mean signed error (MSE), and the absolute maximum error
(Max) are reported. The raw data can be found in the supplementary
material. Unless otherwise stated, all calculations are performed
within the one-shot Go Wy framework, i.e., without self-consistency.

From Table I, we see that the difference between the full
dynamical 1h + 1p treatment and the diagonal approximation [see
Eq. (27)] is found to be very small, with an MAE of 0.015 eV, an
MSE of —0.007 eV, and a maximum absolute error of 0.118 eV. These

TABLE I. Mean absolute, mean signed, and maximum absolute errors (MAE/MSE/Max), in eV, computed for various schemes with respect to the GW fully dynamical results
considering the entire 1h + 1p reference space. All calculations are performed with the aug-cc-pVTZ basis.

Self-energy (s = 10%)

Self-energy (s = 500)

Reference space  Full dynamic h&h

Pure static

Full dynamic h&h Pure static

l1h + 1p 0.000/0.000/0.000

Diagonal

0.095/0.089/1.695 0.179/-0.001/1.827 0.000/0.000/0.000
1h 0.012/-0.012/0.074 0.021/-0.021/0.075 0.122/-0.118/1.405
0.015/-0.007/0.118 0.040/-0.017/0.554 0.127/-0.104/1.405 0.015/-0.007/0.118 0.021/-0.017/0.131 0.103/-0.099/0.878

0.014/0.001/0.076 0.104/-0.089/0.875
0.021/-0.021/0.075 0.112/-0.109/0.878

TABLE II. Mean absolute, mean signed, and maximum absolute errors (MAE/MSE/Max), in eV, computed for various schemes with respect to the theoretical best estimates. All

calculations are performed with the aug-cc-pVTZ basis.

Self-energy (s = 10°)

Self-energy (s = 500)

Reference space Full dynamic h&h Pure static Full dynamic h&h Pure static

l1h + 1p 0.453/0.406/2.063  0.526/0.495/2.069  0.505/0.405/1.741  0.453/0.406/2.063  0.452/0.407/2.046  0.415/0.318/1.756
1h 0.451/0.394/2.057  0.445/0.385/2.036  0.422/0.288/1.744 0.445/0.385/2.036  0.411/0.297/1.751
Diagonal 0.453/0.399/2.052  0.464/0.390/2.032  0.447/0.303/1.744  0.453/0.399/2.052  0.447/0.390/2.032  0.416/0.308/1.749
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results confirm that the widely used diagonal approximation is well
justified in this context. However, note that the current compari-
son is based on canonical Hartree-Fock orbitals, although similar
findings have also been reported for other mean field orbitals.*
Restricting the reference space to 1h only [see Eq. (17)] proves to be
an even more accurate approximation, yielding a systematic (though
very small) underestimation of the IPs, with MAE and MSE values
of —0.012 eV relative to the 1h + 1p treatment.

This naturally raises the question of whether the frequency
dependence of the self-energy can be further reduced without
compromising accuracy. In this respect, the (non-Dyson) 1h-h &h
scheme [see Eq. (21)] appears particularly promising, yielding an
MAE of 0.021 eV, an MSE of —0.021 eV, and a maximum absolute
error of only 0.075 eV.

By contrast, the alternative scheme exhibits somewhat poorer
overall statistics and, more importantly, pronounced outliers, with
maximum errors exceeding 1 eV in certain cases. However, in the
present work, we demonstrate that these large deviations can be sub-
stantially mitigated through the use of a regularization procedure.
The occurrence of such outliers can be traced back to numerical
instabilities in the evaluation of the self-energy rather than to an
intrinsic failure of the underlying approximation.

Thus, we have reported the same statistical indicators as above,
now obtained using an SRG-based regularization with a flow para-
meter of s =500, instead of the essentially unregularized choice s
= 10° employed previously.”® Within the SRG framework, poten-
tially divergent terms of the form x™' arising near x=0 are

replaced by the regularized expression x™' (1 - e ), which remains
well behaved in this limit."”””" Further technical details on the
regularization procedure can be found in Refs. 56 and 92.

A clear distinction emerges from Table I between intrinsic
approximation errors and numerical instabilities associated with
the evaluation of the self-energy. This separation becomes possible
through the use of the SRG-based regularization, which selectively
affects the schemes involving problematic energy denominators
while leaving numerically stable formulations unchanged.

The fully dynamical schemes do not require regularization;
therefore, their results are unchanged. A markedly different behav-
ior is observed for the partially dynamical h &h scheme. Without
regularization (s = 10°), this approximation exhibits apparently poor
statistics in the full 1h + 1p reference space, with an MAE 0f 0.095 eV
and very large outliers reaching 1.695 eV. However, once the SRG
regularization is introduced (s = 500), the errors collapse dramat-
ically: the MAE drops to 0.014 eV and the maximum deviation to
only 0.076 eV. A similar stabilization is observed in the diagonal
and 1h subspaces, where the h & h scheme consistently yields errors
on the order of a few hundredths of an eV. When these pathologies
are removed, the h &h approximation proves to be nearly as accu-
rate as the fully dynamical treatment, despite its reduced frequency
dependence.

The situation is qualitatively different for the purely static
approximation. Regularization again suppresses extreme outliers
(e.g., reducing the maximum error in the 1h + 1p space from 1.827 to
0.875 eV), but the MAEs remain substantial, on the order of 0.10 eV.
This indicates that, in this case, the dominant source of error is not
numerical but physical: the complete removal of dynamical effects in
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both branches of the self-energy leads to a genuine loss of accuracy
that cannot be recovered through regularization alone.

Finally, the diagonal approximation follows the same over-
all pattern. For the h &h variant, the SRG regularization further
improves the results and eliminates the larger deviations observed
in the unregularized case, while the purely static diagonal scheme
remains significantly less accurate. The consistent behavior across
all reference spaces reinforces the conclusion that SRG acts as a tar-
geted numerical remedy rather than as an empirical correction to the
physics.‘\\)"'m

Taken together, these results show that the SRG regularization
serves primarily to expose the true performance of the underly-
ing approximations by removing spurious divergences. Once these
numerical artifacts are controlled, the h &h scheme emerges as a
remarkably accurate representation of the fully dynamical GW self-
energy for valence IPs, whereas the purely static scheme remains
limited by more fundamental physical approximations. However,
owing to a fortuitous cancellation of errors, the static schemes
produce IPs that are slightly closer to the reference TBE values,
with improvements of ~0.04 eV in MAE and 0.10 eV in MSE (see
Table II).

Within this same regularized framework, we next assess the
performance of the present static self-consistent scheme relative to
qsGW. For the same set of IPs and basis set, gsGW yields an MAE
of 0.336 eV and an MSE of 0.290 eV (see supplementary material),
which provides a useful reference point for assessing the perfor-
mance of related self-consistent static schemes. In this spirit, we have
implemented a self-consistent scheme based on the purely static self-
energy of Eq. (25) and compared its performance to gsGW. For both
schemes, we employ the same SRG regularization procedure with a
flow parameter s = 500. This approach results in an MAE 0f 0.330 eV
and an MSE of 0.278 eV, representing a marginal improvement over
qsGW, yet a substantial one relative to its one-shot counterpart.

In gsGW, the static effective self-energy is defined as’”’

z + 2
Z;;GW: Pq(ep)z qp(eq)_ (30)

This construction corresponds to the usual qsGW static self-
energy.”* In this approach, the static operator is obtained by
symmetrizing the self-energy matrix elements with respect to the
quasiparticle energies of the two states involved, i.e., by averaging
Zpq(€p) and Zgp(&g).

By contrast, the static self-energy defined in Eq. (25) follows
a conceptually different strategy. Here, the matrix elements are
not constructed from two separate evaluations of the self-energy.
Instead, the frequency dependence itself is removed at the outset by
evaluating each term at a single symmetrically chosen energy, typ-
ically (€p +¢4)/2. In other words, gsGW symmetrizes the matrix
elements, whereas the present construction symmetrizes the energy
argument entering the self-energy.

Although both approaches yield Hermitian static operators,
they represent distinct approximations to the dynamical self-energy
and need not coincide numerically. However, in practice, they yield
very similar results: the mean absolute and mean signed deviations
between them are 0.028 and —0.012 eV, respectively, with a maxi-
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TABLE Il Core ionization energies (in eV) of the O 1s and C 1s states for the CO molecule computed using various schemes with the aug-cc-pVTZ basis.

O1ls Cls
Reference space Full dynamic h&h Pure static Full dynamic h&h Pure static
1h + 1p 547.961 547.957 545.255 300.590 300.586 299.503
1h 547.958 547.954 545.245 300.587 300.582 299.397
Diagonal 547.957 547.953 545234 300.585 300.581 299.396

mum deviation of 0.104 eV. This close agreement indicates that the
present static construction captures most of the effects incorporated
in gsGW, while arising from a conceptually distinct derivation.

Returning to the hierarchy introduced in this work, Table III
reports the O 1s and C Is core ionization energies of CO obtained
with the same set of schemes and the aug-cc-pVTZ basis. For these
core ionizations, the trends observed previously become even more
pronounced. Owing to the large energetic separation between the
deep core levels and the valence orbitals, the results show only a
very weak dependence on the choice of reference space. In particu-
lar, the diagonal approximation performs remarkably well, differing
from the other dynamical schemes by only a few meV. For the
same reason, the fully dynamical and h &h treatments yield nearly
identical results. For core states, the effective decoupling of par-
ticle and hole branches is known to be a reliable approximation,
as already exploited in early formulations of the cumulant GW
expansion.’”** In contrast, adopting a purely static scheme has
a much more dramatic impact, lowering the core ionization energies
by several eV. This reflects the crucial role of dynamical correlation
effects for quantitatively accurate core-level energetics.”” "’

IV. CONCLUSION

In this work, we have introduced a unified and systematic hier-
archy of one-body Green’s function methods derived from the GW
approximation, in which the dynamical content of the self-energy is
progressively reduced systematically. Starting from the fully dynam-
ical Dyson formulation, we constructed a family of approxima-
tions that interpolates between the standard GW approximation
and purely static effective single-particle Hamiltonians. Within this
framework, variants that determine quasiparticle energies in the
1h + 1p space, the reduced 1h or 1p spaces, or within the diago-
nal approximation all arise from the same supermatrix formalism
through selective downfolding of the 2h1p and 2plh configuration
spaces.

This hierarchy provides a clear and physically transparent way
to disentangle two effects that are usually intertwined in practi-
cal GW implementations: dynamical correlation and the coupling
between hole and particle sectors. By selectively making individ-
ual branches of the self-energy static, we have shown that fre-
quency dependence is not a binary feature, but can instead be
selectively retained or eliminated. In particular, the half-and-half
(h&h) schemes demonstrate that retaining dynamical effects in
only one branch of the self-energy is often sufficient to reproduce
the quasiparticle energies of the fully dynamical theory with high
fidelity.

A key outcome of this study is the identification of numer-
ical instabilities, rather than intrinsic physical deficiencies, as the
primary origin of the previously reported failures of certain partially
dynamical and non-Dyson schemes. The SRG-based regularization
employed here removes spurious divergences in problematic energy
denominators while leaving stable formulations unaffected. Once
these numerical artifacts are controlled, the h & h approximations
emerge as remarkably accurate representations of the fully dynam-
ical GW self-energy for valence IPs, with errors on the order of
a few hundredths of an eV. In contrast, the purely static schemes
remain limited by genuine physical approximations associated with
the complete removal of dynamical effects, leading to systemati-
cally larger deviations, although the magnitude of these errors may
be acceptable for certain applications. Similar conclusions hold for
core ionized states. It is worth reiterating that the regularization
scheme is essential to the present analysis because, without it, a reli-
able assessment of the different approximations would have been
precluded.

The present static construction also offers a conceptually dis-
tinct route to self-consistency. Although derived differently from
qsGW, the static self-energy of Eq. (25) yields very similar quasi-
particle energies in practice, indicating that much of the effect of
qsGW can be understood as a particular projection of the dynamical
self-energy onto a static, Hermitian operator. This connection helps
clarify the formal relationship between self-consistent static GW-like
schemes and partially or fully dynamical formulations.

Beyond the specific numerical results, the main contribu-
tion of this work is conceptual. By embedding diagonal GoWo,
Dyson supermatrix approaches, hybrid half-dynamical schemes,
non-Dyson constructions, and static effective Hamiltonians within
a single formal hierarchy, we provide a coherent map of the GW
landscape. This perspective not only rationalizes the performance of
existing approximations but also opens the door to the design of new
schemes that balance physical content, numerical robustness, and
algorithmic simplicity. In particular, within quantum embedding
frameworks, approaches that combine selective dynamical treatment
with stable regularization strategies appear especially promising for
extending Green’s function methods to larger and more complex
systems.'”' """ In such schemes, a static low-level description can be
employed for the full system, while dynamical effects are retained
only in selected fragments where they are expected to play a cen-
tral role. In this context, the present approximation could prove
particularly useful in both one-body Green’s function and density
matrix-based embedding approaches, where reducing the dynamical
content may help lower the computational cost without significantly
compromising accuracy. '’
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SUPPLEMENTARY MATERIAL

See the supplementary material for the complete raw numer-
ical data underlying the statistical analyses reported in the main
manuscript.
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APPENDIX: ALTERNATIVE CHOICE FOR THE STATIC,
HERMITIAN SELF-ENERGY

Taking the particle branch as an example, one can construct a
frequency-independent form of the self-energy while preserving the
Hermitian character of the eigenvalue problem in different ways.
Instead of evaluating the self-energy elements at the averaged fre-
quency w = (€ + €7)/2, yielding Eq. (12), one may alternatively
symmetrize the matrix elements themselves, leading to

c2pth _ 1[2pih 2plh
Zpg :g[ng (a):ep)+2qg (a):eq)]

_ lz Mcv,pMcv,q 1
2 v

+EZ

cv

Mcv,qMcv,p
€g— € —Qy

€p— € —Qy
ZM M (ep+€q)/2—€—Qy
e (e~ ) (eg e~ )

(A1)

This alternative construction is reminiscent of the non-Dyson ADC

formulation proposed by Schirmer and co-workers.”” ”* In the fully

ARTICLE pubs.aip.org/aipl/jcp

static limit, when the same averaging procedure is applied to both
branches of the self-energy in the 1h + 1p space, one recovers exactly
the gsGW expression [see Eq. (30)].”

From a numerical perspective, we find that using the sym-
metrization scheme of Eq. (A1) reproduces the IPs obtained with
the approach proposed in this work for the entire set considered
in Sec. 111, with an accuracy better than 1 meV for the 1h-h&h
scheme. This numerical agreement is also valid at stretched geome-
tries. This confirms that the non-Dyson formulation of GW is largely
insensitive to the particular choice of symmetrization.
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