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ABSTRACT

Slater determinants underpin most electronic structure methods, but orbital-based approaches often struggle to describe strong correlation
efficiently. Geminal-based theories, by contrast, naturally capture static correlation in bond-breaking and multi-reference problems, though
at the expense of implementation complexity and limited treatment of dynamic effects. In this work, we examine the interplay between
orbital and geminal frameworks, focusing on perfect-pairing (PP) wavefunctions and their relation to pair coupled-cluster doubles (pCCD)
and Richardson-Gaudin states. We show that PP arises as an eigenvector of a simplified, reduced Bardeen-Cooper-Schrieffer Hamiltonian
expressed in bonding/antibonding orbital pairs, with the complementary eigenvectors enabling a systematic treatment of weak correlation.
Second-order Epstein—Nesbet perturbation theory on top of PP is found to yield energies nearly equivalent to pCCD. These results clarify the

role of pair-based ansitze and open avenues for hybrid approaches that combine the strengths of orbital- and geminal-based methods.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0305612

I. INTRODUCTION

Slater determinants, built from single-electron orbital wave-
functions, play a central role in quantum chemistry as the building
blocks for most correlation treatments.' These include perturba-
tion theory, configuration interaction (CI), multi-configurational
self-consistent field (MCSCF), and coupled-cluster (CC) theory.l'l
Their widespread use is largely due to the efficiency of second
quantization,” which, along with practical tools such as Wick’s
theorem,”® facilitates theoretical developments and efficient compu-
tational implementations in electronic structure methods.”” "'

Despite their theoretical appeal, these approaches, while sys-
tematically improvable, often struggle to fully capture electron cor-
relation in practice. Low-order methods such as MP2, CISD, and
CCSD describe weak (dynamic) correlation well but fail to account
for strong (static) correlation effects. Accurately treating strong cor-
relation requires more advanced methods, such as complete active
space self-consistent field (CASSCF),'> density matrix renor-
malization group (DMRG),””’ higher-order CC methods (e.g.,
CCSDTQ),”‘E or selected CI approaches.l‘\’ * However, the com-
putational cost of these methods limits their application to relatively
small systems.

An alternative perspective comes from geminal-based
theories,” "> which explicitly model electron pairing and offer
a conceptually appealing way to describe strong correlation.
Because of their direct connection to chemical bonding and Lewis
structures,” geminal-based methods naturally capture strong
correlation in bond-breaking and multi-reference problems.” *’
However, their implementation is challenging due to the complexity
of handling geminal wavefunctions, and they often neglect weak
correlation effects. As a result, electronic structure theory remains
largely dominated by orbital- and density-based approaches.

Bridging the gap between orbital and geminal methods remains
a key challenge in quantum chemistry. A deeper understanding of
their connections may help develop hybrid approaches that combine
the advantages of both; that is, retaining the systematic improvability
of orbital-based methods while incorporating the robust treatment
of strong correlation inherent in geminal theories."' *°

The current push for pair theories stems from Ref. 47, which
demonstrated that strongly correlated systems could be described
efficiently in terms of CI expansions in which the Slater determi-
nants were classified according to their number of unpaired elec-
trons, their seniority, rather than their level of excitation from a given
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reference. Seniority-zero CI, or doubly-occupied CI (DOCI), that is,
a CI of Slater determinants with no unpaired electrons (or closed-
shell determinants),”"***’ was found to describe bond-breaking pro-
cesses qualitatively with systematic improvement possible by adding
seniorities two and four.” " Unfortunately, even seniority-zero CI
has exponential cost, though a computationally inexpensive method
was quickly developed with almost no loss in numerical accuracy.
This was published as the antisymmetric product of 1-reference
orbital geminals (AP1roG),”” and was immediately understood to be
equivalent to pair coupled-cluster doubles (pCCD).””® Seniority-
zero methods, and hence pCCD, are not invariant to orbital rota-
tions and thus require orbital optimization.”” ®* As a result, the
reference is not the Hartree-Fock (HF) Slater determinant. The opti-
mal orbitals are generally localized on at most two atomic centers,
resembling those from generalized valence bond (GVB) theory.*® As
defined by Dunning and co-workers,*® GVB is a linear combination
(i.e., a CI expansion) of all possible singlet-coupled configuration
state functions (CSFs) in a given set of orbitals. This definition nec-
essarily includes contributions from all possible seniorities. Usually,
only a small number of CSFs are relevant, which leads to the practical
approximation of strongly orthogonal perfect pairs. In this case, GVB
simplifies to a product of singlet-coupled electron pairs: each cou-
pling contains two spatial orbitals, and each spatial orbital appears
in only one such coupling. In terms of atomic orbitals, this state is a
product of Heitler-London-type states, while its natural orbitals are
localized into sets of bonding and anti-bonding orbitals. Henceforth,
we will only consider GVB with strongly orthogonal perfect pairs
and refer to it as perfect-pairing (PP). PP is understood to describe
strong correlation in bond-breaking processes.””'***”"* It has long
been recognized that PP can be written as a CC wavefunction."*’ *
More recently, PP-based ansétze have proven useful for maximizing
the accuracy of shallow quantum circuits in the context of quantum
computing.”

In a previous paper,’ it was demonstrated that DOCI
can be reduced to single-reference Epstein-Nesbet perturba-
tion theory (ENPT),””” built from eigenvectors of the reduced
Bardeen-Cooper-Schrieffer (BCS) Hamiltonian,”"*° the so-called
Richardson-Gaudin (RG) states.””'"’ In this paper, we first show
that the reduced BCS Hamiltonian can be simplified to a form
describing bonding/anti-bonding pairs of orbitals. PP emerges as
an eigenvector of the simplified model, while the other eigenvectors
provide a basis for PP’s orthogonal complement. Weak correlation,
in the PP picture, can then be accounted for systematically in a
single-reference approach. In particular, it will be demonstrated that
the corresponding second-order ENPT (EN2) PP-corrected energy
is nearly equivalent to its pCCD counterpart.

Il. THEORY
A. Perfect-pairing

First, we will fix our notation. We consider closed-shell systems
composed of N electrons. Further, we assume there is no core, so that
for a system with K spatial orbitals, the N electrons are distributed in
N active spatial orbitals composed of bonding and antibonding pairs
(see below), while the remaining K — N spatial orbitals are labeled
as virtuals. The indices 1< p,q,7,s,... <N indicate active spatial
orbitals, while the sets of indices 1 < i,j,k,I,... < N/2 and N/2 + 1
<a,b,cd,... <N denote occupied and unoccupied active spatial
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orbitals, respectively. The Greek letters 1 < a,f3,9,6,... < N/2 are
reserved for orbital pairs, and 0,7 = 1 or | are spin labels. The let-
ters y, v, A will only refer to the bonding/antibonding labels, taking
values 0 or 1.

Computations involving Slater determinants—many-electron
wave functions written as antisymmetrized sums of products
of one-electron orbitals—can be conveniently reduced to opera-
tions with creation (annihilation) operators 21;0 (Gpo), which add
(remove) an electron in spatial orbital p with spin o. These
one-body operators fulfill the well-known anticommutation rules:
{a}5 a5} = 0, {Gpo, dge} = 0, and {a},, age} = Spgdor, where {-,-} is
the anticommutator.

Computations with pair (i.e., two-electron) wave functions,
also known as geminals, are more involved but can be reduced to
operations with three operators:

bt _ sttt B s s s ata st s

b =Gl Py =Gpiapr,  fip = Qyylpy + 4, dp)s (1)
where 13; (P; ) creates (removes) a pair of opposite-spin electrons in
the spatial orbital p, while 71, counts the number of electrons in the
spatial orbital p. These three operators have the structure of the Lie

algebra su (2):

[Py, Py ] = 8pq(ftp = 1), [fp, Py ] = £28p4P5. ()
The reduced BCS Hamiltonian,
. 1 NS T
HBCS = EZ fpnp + EZ Pqu’ (3)
p ra

is an exactly solvable model describing pairs of electrons distributed
among spatial orbitals with energies {{,} in a constant-strength
interaction. Its eigenvectors, the RG states, are simply constructed
from nonlinear equations. In previous papers,”” """ molecular
systems were treated with RG states by variationally minimizing the

energy of the Coulomb Hamiltonian:

A At a 1 st At s »
Hc = Z hP‘iZ al];ﬂaq‘f + EZ VMVSZ a;oairasr“qm (4)
Pq I pars or

where hpq are elements of the one-electron Hamiltonian, and Vg
are direct two-electron integrals in Mulliken’s, or chemists’, nota-
tion, with respect to the parameters {£, }. In other words, an optimal
model Hamiltonian was identified that produced a state minimiz-
ing the energy of the real molecular system. The optimal {§,}
found grouped the N spatial orbitals into N/2 well-separated subsys-
tems, each consisting of near-degenerate bonding and antibonding
orbitals that we will call valence-bond subsystems (VBS). This is
illustrated in Fig. 1.

The reduced BCS Hamiltonian and its eigenvectors simplify
dramatically when the VBS are treated as disjoint, leading to a col-
lection of two-level systems that do not interact with one another.
In other words, an independent-pair approximation. Each of the
a=1,...,N/2 independent VBS contains a bonding spatial orbital
ao and an antibonding spatial orbital a; (see Fig. 1). The number of
pairs in each VBS is now a symmetry, and thus &u, (71, + fla, ) is a
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FIG. 1. Schematic representation of the orbital diagram in PP: reference PP wave function (top) and the three types of excited configurations (bottom). Here, we have

represented two VBS, {ao, &1} and {,, 8}, characterized by VBS gaps w, = &, — &, and wp = &g, — &g, respectively.

constant that can be removed, in addition to the diagonal terms of
the interaction. The effective Hamiltonian is thus,

yo 1 L ptpe 4 p
Hir = 55 waie + 5% Pk +Bib). 6
o a

Pairs move between the bonding and antibonding orbitals with a
constant strength, accounting for Coulomb repulsion, while elec-
trons in the antibonding orbital increase the energy by the VBS gap
wa = &y — &4,. As Eq. (5) is a sum of disjoint contributions for each
VBS, its eigenvectors factor into products of the eigenvectors of each
VBS. In the seniority-zero sector, that is, in terms of only Pj, P,
and 71, each VBS has four eigenvectors: both orbitals can be empty
|0), both orbitals can be doubly occupied |aga:1) = P, P7 |0), or one

pair can be distributed among the two orbitals, and |ag) = P, |0) and

lotr) = i’;, |0), in two ways,
|06:t>:|(X0>+(wa:{:\/(oi+1)|(xl>) 6)
based on the value of w,, with norm
(7)

N, = (az|as) = 21/ @l + 1(\/ w:+1 iwa).

The weights of |ag) and |a1) in Eq. (6) are chosen so that in
the degenerate limit (i.e., wa — 0), these two states become strict

symmetric/antisymmetric linear combinations (|ao) + |a1))/v/2.
For |a_), the bonding orbital is more strongly occupied, and the

product
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W) =T |a) 8)

is the state traditionally called PP'° (see Fig. 1). It is an eigenvector
of Eq. (5), almost always the ground state. [If w, < wgs the con-
figuration |apa) is energetically more favorable than |a_f3_). For
molecular systems, this does not happen, and |¥) is the ground state
of Eq. (5).]

With pe€{0,1}, the one-electron reduced density matrix
(1-RDM) elements are explicit functions of the VBS gaps,

N (—1>“w] ©

ws +1

L (¥ligl¥) 1
Mo, =~

“2 (YY) 2
(with 0 < ng, <1 and ng, +ng, = 1) while there are two types

of two-electron reduced density matrix (2-RDM) elements. The
pair-transfer elements are non-zero only within a VBS:

LA -
P = ey YR e

and Py, = +n4,. The density-density elements are non-zero only
between distinct VBS (i.e., a # f):

(Wi, 15, |¥) _

) = g, N, (11)

wby = 4
As Pg,q, is non-zero only within a VBS and D, g, is reducible, there
is no correlation between electron pairs for PP: the 2-RDM elements
are explicit functions of the 1-RDM elements.'’*'”” As the 1-RDM
elements (9) are themselves explicit functions of {we }, the PP energy
of the Coulomb Hamiltonian (4),

1
E[{wa}]=2> 3" n,,,y(h%% + EL%%) +23" Poyay Lagen
a pu o

+ 22 Z D%Iva%,Bv’ (12)
a<f pv

can be minimized variationally with respect to the VBS gaps {wq }.
Here, the two-electron integrals reduce to direct (J), exchange (K),
and pair-transfer (L) types:

]oc”ﬁv = Va#uﬂﬁvﬁ‘,) (13a)
Ka,p, = Va,p.B.0,0 (13b)
Layp, = Va,poa,p.- (13¢)

For real orbitals, the exchange and pair-transfer integrals are identi-
cal. The three summations in Eq. (12) represent the one-body terms,
the pair-transfer elements, and the density—density elements, respec-
tively. The direct and exchange integrals always occur together, so
we adopt the shorthand:

Ga,p, = 2Ja,p, = Kayp,- (14)

We choose to write the diagonal two-electron integral
La#ay = Vtxﬂaﬂa‘,‘a#-

To perform such a minimization, we rely on the
Newton-Raphson algorithm, which requires the first (gradient),

ARTICLE pubs.aip.org/aipl/jcp

3 OE 1
(wi +1)° os " WaLaga, + Y, (—l)"(hmﬂ + EL“““”
u

+ 2 ZGaM/sv), (15)

B(#a) v

and second (Hessian) derivatives of the energy with respect to the
VBS gaps:

2 % 2 % 82E 1 u+v
(e s ) (w5 + 1) 5 g ~ 22 VT G (160
o I
2 1
(wi + 1)% P 73wa(w§ + 1)E 88715 + Laya,.- (16b)

Thus, for a given set of orbitals, the electronic gradient [see
Eq. (15)] and the electronic Hessian [see Eq. (16)] are constructed
with O(N?) operations, which are cheaper than the linear algebra
operations required for the Newton-Raphson steps.

Requiring the gradient to vanish implies

1
Z (_1)[4(}10‘#“% * ELaMA + Z Z G%ﬂv”ﬁv) = ~Walaye»  (17)
u B(xa) v

a property that will have consequences in perturbation theory (see
below). Equation (17) gives a physical meaning to the VBS gaps: the
left-hand side of Eq. (17) is a difference of orbital energies defined as

1
o, = h"‘u“ﬂ + 7L“14“M + Z Z Gy BB, (18)
2 e v

while Loy, in the right-hand side of Eq. (17) is the energy pushing
a pair from the bonding orbital to the antibonding orbital. Here, the
orbital energies are distinct from those obtained from HF as they
include occupation numbers between 0 and 1. Orbital energies have
likewise been defined in various ways for pCCD.'%

The stationary VBS gaps are thus ratios of the differences in
orbital energies to the Coulomb repulsion,

€a; — Ea

W= A (19)
7 Lagw

just as they are in the model Hamiltonian (5). The stationary PP
energy can then be recast:

2
L
E:Z oy + oy + (Eap — Eay) 1+(a°“')
o

Eay — Eay

=23 3" 1a,15,Gayp,s (20)

a<P uv

similar to an expression obtained by Kutzelnigg'"’ for a two-level
problem in particular. Equation (20) reduces to the stationary HF
energy when the VBS gaps {w, } become large.'"’

Unfortunately, orbital optimization is necessary for pair
wavefunctions.”® ”'"" One must also compute the first and
second derivatives of the energy with respect to the orbital rotation
parameters {kpq }. A unitary transformation of the orbitals,
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U=exp| Y kY (@hottgo — ot ) | 1)
p<q o

may be constructed as a step away from the identity x = 0. In this

case, the gradient and Hessian simplify to expectation values of

commutators.! The orbital gradient,

OE

= dhpq(np —ng) + 4 (2Vrrpg ~ Vigpr) (Drp = Dig)

aqu r

+4)" Viprg(Pip = Prg), (22)
r
and Hessian,
O’E
Drepg D = 4(Ppr — Pps + Pgs = Pgr) (Varps + Vaspr)

+4(Dpr = Dps + Dygs = Dyr) (4Vaprs = Varps = Vaerp)

+ Opr[(4np — 2ng — 2015) hgs + Wpys]

+ 8gs[(4ng — 2np — 20, ) hpr + Wopr ]

= Ops[(4np = 2ng = 21, ) hgr + Wiy ]

— 8qr[ (4ng — 2mpy — 2n5) hps + Wogps ], (23)

are both computed from the RDM elements. The Hessian is
efficiently computed from the intermediates,

qur = 22 (ZPps - qu - Prs)Vqs:r
s

+ 22 (2Dps - Dqs - Drs)(ZVqr:s - Vqs:r)) (24)
s

which requires O(N?) storage. The mixed elements of the Hes-
sian occur in three types. For the first, the VBS gap w, does not
correspond to one of the orbitals being rotated:

: OE
2 A
(0 +1)° 0wy Ok, p, ) 22}; D 2Vt = Vi)
x (s, = ng,), (25)
while the remaining two types are
> 2 OE
(wa - 1) ' awaaka,,ﬁv =20V qm-p,
+ 2(71)Il [Q"‘yﬁv + V%%%ﬂv]
- 2%: (zvor),aAa,‘,Bv - Voc)tﬁvu%zx).)
<[+ (-D'ng ], 60)
: OE
2
+1) ——— = 2wV,
(wﬁ ) awﬁa’ﬂx#ﬁv WV provauProvfy

=2(=1)"[Qap, * Vepifia)
+ 2%: (2o, = Vispa)

< [(-1)g, + (-1)'ng | (26b)

The full Hessian can be constructed with O(N*) operations, so
the scaling bottleneck for orbital-optimized PP (OO-PP) will, in

ARTICLE pubs.aip.org/aipl/jcp

principle, be the O(N?) transformation of the two-electron inte-
grals.'” The orbital gradient (22) and orbital Hessian (23) are valid
for any seniority-zero wavefunction, provided the density matri-
ces n, D, and P. While in this contribution we consider PP only
in the valence, core (n; = 1) and virtual (n, = 0) orbitals may be
added without too much difficulty. Density-density 2-RDM ele-
ments involving core and virtual orbitals factor into products
of occupation numbers [see Eq. (11)], while pair-transfer ele-
ments vanish. The orbital gradient (22) will therefore vanish for
core—core and virtual-virtual rotations, making PP invariant to such
transformations.

Rather than building the complete Hessian, stationary equa-
tions are available for the orbital coefficients for the antisymmetrized
product of strongly-orthogonal geminals (APSG), a more general
structure than PP."">""* This is the traditional approach for PP''>''
that also employs two coefficients, and thus a constraint, for each
pair rather than the VBS gaps {wq}. In the end, the scaling is the
same, the VBS gaps remove redundancies and have clear physical
meanings, and the complete Hessian is computable. We feel the
current approach is more transparent.

Variational OO-PP is a mean-field of non-interacting pairs, and
the model Hamiltonian (5) provides a basis for the Hilbert space
to account for the outstanding weak correlation (relative to PP). In
the seniority-zero sector, [¥) couples to three types of excitations
through Hc, as shown in Fig. 1. In each VBS a, the process |a—)
— |y ) is called an intra-pair excitation and denoted |¥y). An inter-
pair excitation |‘I’§) from « to 8 refers to |a—B_) — |B,f3;). Finally,
a double-pair excitation \\I’Zﬁ) refers to |a-B_) — a3, ). Additional
couplings were possible for RG states, while they are totally forbid-
den for PP. A CI treatment of PP with its singles and doubles (CISD)
is possible, though in Ref. 91 it was found for RG states that EN2
was much more attractive: building the RG-based CISD matrix cost
O(N®) operations, while EN2 cost only O(N°®). For the dissociation
of linear Hg, the maximum disagreement between the two methods
was about 2 x 107> Ej, for very short interatomic distances, and this
disagreement went to zero quickly as the distance increased. In any
case, the CISD treatment of PP was performed to verify that our
expressions were correct.

Here, an EN reference Hamiltonian can be written as
Hc

Ho = [¥)(¥[Hc|¥)(¥|+ ) [W5) (¥o Hel Wa) (¥4

ap

S aAle ol 27)

Q)

DML AT Gl
a<p

with internal space |¥) and external space built from intra-pair,

inter-pair, and double-pair excitations (see Fig. 1). The first-order

correction to the energy is zero, while the second-order correction is

wh|A o) v Fr o)
E® :azﬁ KE(O) fE§)| +a<,3 KE(t;) —CEjﬁﬂ . (28)
where E® = (‘I’ Hc ‘Y), Eﬁ = (‘I’5|HC“I’£), and Ezg

= (‘I’Zﬁ ’H C "I’Zﬁ) This correction is simplified in the Appendix, lead-

ing to an evaluation of Eq. (28) with O(N?) operations—essentially
free once the OO-PP mean-field is constructed. Intra-pair exci-
tations do not contribute at all: as shown in the Appendix, the
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transition (‘PZ|HC|‘{’) is equivalent to the gradient condition
(17) and therefore vanishes. This is analogous to the Brillouin
theorem within HF theory.!!” This EN2 treatment includes only the
seniority-zero sector as the goal is to compare with pCCD. An EN2
correction including PP excited states of non-zero seniorities will be
computed in a future contribution, in the same manner as for RG
states. '

The natural orbital functions of Piris are also directly related
to PP. At half-filling, the PNOF5'% functional is equivalent to PP.
Otherwise, it is equivalent to APSG.'"” For strong correlation, the
best-performing functional is PNOF7,'*""* which can be seen as an
update to PNOF5:

Epnor7 = Epnors + AEpNOF7 - (29)

Usually, PNOF7 is treated as a mean-field, solved with Lagrange
multipliers in an SCF-like procedure, but PNOF7 is not
N-representable. PNOF5, being equivalent to PP, is N-representable
and variational. Thus, PNOF7 could be computed as a perturbative
update to the variational PNOF5. In the present language, this
update becomes

AEpNoF7 = —lz > ! £ > Lag,.  (30)

4T Gy (0 + 1) (wh+ 1) TS

B. Pair coupled-cluster doubles

We now move on to describe the connection with pCCD. The
pCCD energy is very similar to the EN2-corrected PP energy. This
can be evidenced by examining the pCCD wavefunction ansatz,
which, in its most conventional form, reads

|®pcep) = e |D), (31)
where
T=3 PPy (32)
ia

is the cluster operator (which is restricted to paired double
excitations at the pCCD level), and

|®) = T lao) (33)

is the closed-shell ground-state Slater determinant in which all the
bonding orbitals are doubly occupied. As the orbitals are optimized
from the bifunctional expression of the pCCD energy, the Slater
determinant of bonding orbitals is not the HF Slater determinant.
The pCCD state can be recast as

|Dpcep) = exp (Z tﬁﬁglja%)@)
i (34)
_ exp( 5 tﬁf’;lf’;o) exp (z tZP;P;O)\CD),
B(#a) «

in terms of amplitudes £ to be determined from a set of nonlin-
ear equations obtained by projecting the Schrédinger equation onto

the excited Slater determinants \CDQ) = f’gl P, |®) from the left, as
follows:

(@hlE) =0, (35)

ARTICLE pubs.aip.org/aipl/jcp

where H =¢ " Hce' is the similarity-transformed Hamiltonian.
Splitting the exponential into diagonal and off-diagonal pieces
is possible and makes the individual contributions evident: the
diagonal cluster amplitudes will turn |®) into |¥), that is,

) exp(z tzzs;,fa;o)m ST exp (255, B2) o)
o

o « (36)
=T (1 + 5P, Py, )| @),

while the off-diagonal cluster amplitudes will add the inter-pair exci-
tations. Double-pair excitations will be approximated as products of
the cluster amplitudes.

First, the diagonal cluster amplitudes transform |®) into |¥).
From Eq. (35), the (quadratic) amplitude equations for the right
amplitudes {{} are™®

0= La +2(fau —fi— ) Liatf =) Lihtlb)t? —2(2Jia — Kia = Liat{ ) t;
j b
+ 3 Lyl + 3 List] + 3 Ltit], (37)
b 7 b

where f,; are the elements of the Fock operator. In the single-pair
approximation, it reduces to the following simple form:

1+ 2wats — (£2)* =0, (38)
with
Logag +La)a
Wy = f‘hal _faoao _2]110061 +K060061 + = 02 =
« =
Leya,
h Lo _ Lagag (39)
_ ajo + 2 Paay ™ T
Leya,

which matches the expression obtained from Eq. (17) in the single-
pair approximation. The ground-state amplitude for the pair « is
thus simply given by

n
tl‘::waﬂ/nwizj/n—"”, (40)
@

which corresponds to the state |a_). As Eq. (38) is quadratic, there is
evidently a second root corresponding to the state |, ). The pCCD
energy is defined via the following energy bi-functional:*

Epcep = (@|(1 +Z)I:I|(D), (41)

where Z = Y ZiPi P is a de-excitation operator. The (linear)
amplitude equations for the left amplitudes {z, } are™

0=1Li, + Z(fm - fii — Z ngt}z — Z Libt?)li - 2(2]ia - Kia
j b

- 2Liat?)Z; + Z Lahlz, + Z Li]‘Z{l + Z l’jb(Lin{l + LjaZZ)
b j jb

- 2Lia(z 4t + zb: z;tf’). (42)
J
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In the single-pair approximation, it reduces to the following simple
form:

1+2(wa — t3)zq = 0. (43)
The left ground-state amplitude for the pair « is thus,

o 1
Zo = —m = —\/NayNa, » (44)
where t; is given by Eq. (40). The left and right amplitudes are
then employed to compute the 1- and 2-RDM and, eventually, the
energy. For example, the non-zero elements of the 1-RDM (which is
diagonal at the pCCD level) are

ni = (1 -> tfz,i), (45a)

o=tz (45b)

In the single-pair approximation, it is easily shown that one recov-
ers the expressions of Eq. (9). Likewise, for the elements of the
2-RDM P (hence the energy), while the elements of D vanish in the
single-pair approximation. This slightly generalizes Cullen’s deriva-
tion*! and shows that, within the single-pair approximation, pCCD
and PP are strictly equivalent. However, it does not demonstrate
the equivalence of these two formalisms beyond the single-pair
approximation.

lll. NUMERICAL RESULTS

To illustrate the theoretical results discussed above, we con-
sider chains of (equidistant) hydrogen atoms of increasing size at
half-filling, which here corresponds to the minimal basis STO-6G.
Of course, PP can include core and virtual orbitals, but that is not
the present purpose. As OO-PP, OO-PP-EN2, and OO-pCCD are
seniority-zero states, results are compared with OO-DOCI. In all

-0.46
5 -0.48
E
<
ET_S/ -0.50
go -0.52 o RHF
H + 00-DOCI

-0.54

FCI
1 2 3 4 5 6

Ru_u (ao)
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cases, we report reduced energies, that is, the energy divided by the
number of electrons.

OO-PP results were computed using the Newton-Raphson
algorithm by constructing the full Hessian. Symmetric and antisym-
metric linear combinations of the 1s hydrogen orbitals on neighbor-
ing sites served as a sufficient initial guess for the orbitals, while
the VBS gaps were initialized to values smaller than one. In gen-
eral, for distances larger than Ry_n = 2.5 ao, this approach converges
in 3-4 iterations. At shorter distances, the Hessian develops nega-
tive eigenvalues, and we adopt a level-shift approach to ensure the
Hessian remains positive definite. The time spent computing the
EN2 correction is negligible in comparison. The pCCD calculations
were performed using the same methodology as in Ref. 122 with
the MOLGW program,'** which incorporates the stand-alone NOFT
module'** based on the DoNOF program.!'*

RHF and FCI results were obtained with PySCF,'”° while
0OO-DOCI results were computed with our own code. OO-DOCI
convergence is difficult near the minimum: the optimization is
decoupled, switching between exact diagonalization of the DOCI
Hamiltonian matrix and Newton-Raphson optimization of the
orbital coefficients. More robust and efficient optimization strategies
have been proposed in the literature.'”’ >’

First, we consider the smallest non-trivial chain Hy, and the
results are presented in Fig. 2. It is difficult to visually discern
the reduced energies of OO-PP, OO-PP-EN2, OO-pCCD, and
00-DOCI, so only the OO-DOCI curve is plotted in the left panel
of Fig. 2. Indeed, one can see in the right panel of Fig. 2 that
the respective errors, in terms of reduced energies, for the three
approximate methods are below 1 mEj; per electron everywhere.
As OO-PP is a variational approximation, it is always above OO-
DOCI. OO-PP-EN2 is above OO-DOCI until Ry-g = 3.1 ag, where
it falls below OO-DOCI. OO-pCCD is always below OO-DOCI. At
short distances, OO-pCCD performs best but is quickly overtaken by
OO-PP-EN2 and even OO-PP. As it has an exponential parametriza-
tion, pCCD is extensive, as is PP due to Eq. (36). The OO-PP-EN2
correction goes to zero rapidly for distinct subsystems as the opti-
mal orbitals are localized.” A detailed analysis of the extensivity of

— 0.001
: )
s 2
5 107
O
o
n

-1
g8 17, oo-pp
: + OO-PP-EN2
o
= 10-18 O0-pCCD

1 2 3 4 5 6
Ru_n (ao)

FIG. 2. Symmetric dissociation of H4 chain in STO-6G. Orbitals were optimized separately for PP, pCCD, and DOCI. Left: reduced energies for RHF, 00-DOCI, and FCI.
Right: absolute errors of 00-PP, 00-PP-EN2, and OO-pCCD with respect to O0-DOCI plotted logarithmically. OO-PP-EN2 is above OO-DOCI until Ry = 3.1 ap, where
it goes below and overcorrelates the rest of the way to dissociation. 00-pCCD always overcorrelates relative to 00-DOCI.
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TABLE I. Reduced energies computed at Ry_y = 1.6 ag, near the equilibrium point.
Each column represents a set of orbitals, while each row is a method. All results
computed in STO-6G.

Orbital set
Method PP pCCD DOCI
PP —0.544 92 —0.544 92 —0.544 92
PP-EN2 -0.54513 —0.54513 -0.54513
pCCD -0.54513 —-0.54513 -0.54513
DOCI -0.54513 —-0.54513 -0.54513

TABLE II. Reduced energies computed at Ry_y = 3.2 ay. Each column represents a
set of orbitals, while each row is a method. All results computed in STO-6G.

Orbital set
Method PP pCCD DOCI
PP —0.48728 —0.487 28 —0.487 28
PP-EN2 —0.487 28 —0.487 28 —0.487 28
pCCD —0.487 33 —0.487 33 —0.487 33
DOCI —0.48728 —0.487 28 —0.487 28

the EN2 correction is presented in Ref. 91. Evidently, the energy
differences among these methods are very small and are unlikely to
be significant in practical applications.

To better demonstrate how small the energy differences
between the methods are, reduced energies for PP, EN2, pCCD, and
DOCI were computed in the OO-PP, OO-pCCD, and OO-DOCI
orbitals. The reduced energies at Ry_p = 1.6 ag, near equilibrium,
are shown in Table I. This point is chosen as it represents where
weak correlation is dominant. Here, EN2 and pCCD are identical to
DOCI. PP is slightly above, as it misses the weak correlation.

Reduced energies for each method in each set of orbitals at
Ru-H = 3.2 ap are reported in Table II. At this point, the VBS gaps
are both less than 1, indicating that the Coulomb repulsion is larger

-0.48
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TABLE lll. Reduced energies computed at Ry_y = 2.4 ag. Each column represents
a set of orbitals, while each row is a method. All results computed in STO-6G.

Orbital set
Method PP pCCD DOCI
PP -0.518 56 -0.518 56 -0.518 56
PP-EN2 —-0.51862 -0.51862 -0.51862
pCCD -0.51863 -0.518 64 -0.518 64
DOCI —-0.51862 -0.51862 -0.51862

than the bonding/antibonding energy splitting. Here, strong cor-
relation is dominant, and pCCD overcorrelates on the order of
0.05 mEy/electron while the other methods are indiscernible.

Reduced energies for each method at Ry-p =2.44¢ are
reported in Table ITI. This point lies halfway between the minimum
and the point where strong correlation starts to dominate and thus
represents a case where both weak and strong correlation are impor-
tant. As expected, PP misses weak correlation and is therefore too
high. Both EN2 and pCCD are essentially the same as DOCI in all
cases.

Reduced energies for Hjg are shown in Fig. 3, and the results
are qualitatively the same as for Hy. Notice that OO-DOCI is further
from FCI than it was for Hy, as there are more weak correla-
tion effects from the seniority-two and seniority-four sectors. It is
again difficult to discern OO-PP, OO-PP-EN2, and OO-pCCD from
00-DOCI, so we plot only the differences in the right panel of Fig. 3.

From the OO-PP solution for Hjo, the 1-RDM elements and the
corresponding VBS gaps are shown in Fig. 4. One sees immediately
that the dissociations are smooth, though the bonds are not equiv-
alent but break into a 2-2-1 pattern: the two bonds furthest from
the edges of the molecule are equivalent, the two bonds one bond
in from the edges are equivalent, and the bond at the center of the
molecule is non-degenerate. The VBS gaps decay exponentially with
Ru_n, consistent with previous observations for RG states.”’ In other
words, it is reasonable to consider
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FIG. 3. Symmetric dissociation of H1y chain in STO-6G. Orbitals were optimized separately for PP, pCCD, and DOCI. Left: reduced energies for RHF, 00-DOCI, and FCI.
Right: absolute errors of 00-PP, 00-PP-EN2, and O0-pCCD with respect to O0-DOCI plotted logarithmically. 0O-PP-EN2 is above OO-DOCI until Ry = 3.2 a; where
it goes below and overcorrelates the rest of the way to dissociation. 00-pCCD always overcorrelates relative to 00-DOCI.
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FIG. 4. Symmetric dissociation of H1 chain in STO-6G. Left: 1-RDM elements {n, } for Hiy optimized with OO-PP/STO-6G. Right: VBS gaps {w. } for Hio optimized with
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FIG. 5. Progressive dimerization due to Peierls instability of H1o: Ry is kept fixed at 3.6 a; while the distance R is varied.

w« = By exp (—A4R), (46)

with only slight deviations at small Ry_n. Near equilibrium, the VBS
gaps {wa} are large, and the pairs of electrons lie principally in
the bonding orbital (weak electron correlation). At dissociation, the
VBS gaps {wq} go to zero, and the occupations of the bonding and
antibonding orbitals are equal (strong electron correlation). These
two effects are in balance when w, = 1, and we have argued previ-
ously for RG states that this point marks the transition from weak to
strong electron correlation for the particular pair of electrons.”’ For
PP, the pair occupation numbers are explicit functions of the VBS
gaps, giving the specific value for the bonding orbital occupation as

1 1
L(1+ ;) ~08536.

While equidistant chains of hydrogen atoms are standard tests
for strong electron correlation, they are inherently unphysical: at

— RHF —
-0.40
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5
& FCI
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=
o)
L, 050
g
=
-0.55f!
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short distances, these systems do not remain equidistant but spon-
taneously dimerize into H, molecules, a mechanism known as the
Peierls instability.'”’ To describe this instability, we consider a sys-
tem of hydrogen atoms as in Fig. 5. Here, the distances between
hydrogen atoms 2 and 3 (and so on) are kept fixed at Ry = 3.6a, while
the distance R between hydrogens 1 and 2 is varied. From the numer-
ical results in Fig. 6, it is evident that dimerization stabilizes the
energy. OO-DOCI is now a much better treatment at the equilibrium
distance, while OO-PP, OO-PP-EN2, and OO-pCCD all deviate
smoothly from OO-DOCI. At long distances, OO-DOCI is further
from FCI, as the system is trying to dimerize in the opposite manner
with individual hydrogen atoms at each end. The curves are parallel,
however, and including seniorities two and four would correct the
problem.

Finally, OO-PP, OO-PP-EN2, and OO-pCCCD were computed
for equidistant Hsp, and the results are shown in Fig. 7. As Hs is

__ 10"
g
= B~
(5]
el TN
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S \
2
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S 1072} OO-PP
£ | = 00-PPEN2 \
= 00-pCCD
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FIG. 6. Progressive dimerization of Hyg in STO-6G. Left: reduced energies for RHF, 00-DOCI, and FCI. Right: absolute errors of 00-PP, 00-PP-EN2, and O0-pCCD with
respect to OO-DOCI plotted logarithmically. OO-PP-EN2 is above OO-DOCI until R = 2.9 ay where it goes below and overcorrelates the rest of the way to dissociation.

00-pCCD always overcorrelates relative to 00-DOCI.
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FIG. 7. Symmetric dissociation of Hsy chain in STO-6G. Orbitals were optimized
separately for PP and pCCD. OO-PP-EN2 is indiscernible from OO-pCCD.

too large for DOCI and FCI, the takeaway is that both OO-PP-EN2
and OO-pCCD remain feasible and give essentially the same result.
Rather than plotting the individual 1-RDM elements for Hso, we dis-
cuss reduced quantities summarizing the physical behavior, known
in condensed-matter theory as order parameters. One advantage of
seeing PP as an eigenvector of Eq. (5), rather than a wavefunction
ansatz, is that derived quantities are simple functions of the VBS
gaps. First, define the bond order for each VBS as

Wq
Vv wﬁ +1
half the number of bonding electrons minus the number of anti-
bonding electrons. Here, 0 < y, < 1, approaching 1 in the limit of
large wq. In spin systems, this corresponds to the magnetization,
from which thermodynamic quantities are computed.”*! Another

133

order parameter, the Jaynes entropy,'"z‘ :

Sy ==Y npyInny, (48)
P

Xa = Nay — Ny = (47)

34-136

is indicative of strong correlation in bond-breaking processes.'
However, the Jaynes entropy gives no description of weak corre-
lation,'”” as occupation numbers close to 0 or 1 give vanishing
contributions in Eq. (48). For PP, the Jaynes entropy simplifies to
a sum of individual contributions from each VBS,

2n

_ _Oo Xa
Se=In2 272’1(2”_1), (49)

n=1

in terms of the bond order. Since [y | <1, this series always
converges.

Finally, the off-diagonal long-range order (ODLRO),
defined as

138-140

(50

2 2 1
Aop= =) Py=1-—-> —f——,
o N%q: . Nza:\/w§+1

is an order parameter describing systems dominated by pairing
interactions. Usually, ODLRO is computed for attractive systems,
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FIG. 8. Order parameters in the symmetric dissociation of equidistant Hyy (solid
lines) and Hsy (dashed lines) chains in STO-6G, computed from the OO-PP RDM
elements.

where it identifies an eigenvalue of P that scales with the size of
the system, indicating long-range order."*'~""" In bond-breaking pro-
cesses, the pairing is repulsive, and ODLRO sharply goes to zero
as seen in Fig. 8. The name is less descriptive here, but the order
parameter still captures the transition in behavior.

To demonstrate that these three order parameters contain the
same information, we plot

2
x= ﬁza: Xas (51)

- 2
$=—-28+1In2, 52
= -y +in (52)

and Aop for linear equidistant Hyo and Hsp in Fig. 8. One imme-
diately notices that the three order parameters are qualitatively the
same and nearly sigmoidal in shape. Aop will eventually level out to
1 as the individual w, become large. The three order parameters are
essentially invariant to size, with minor variations as the bonds in
linear hydrogen chains are not all equivalent. Of the three, the bond
order is to be preferred, as it is the most direct to compute, and is
most familiar to chemists.

We will close with an intuitive interpretation from the bond
order. As a function of w,, the bond order y, o 18 strictly concave, but
as a function of R, there is clearly an inflection point. It is reason-
able to interpret the inflection point as where the bond breaks.'** In
Ref. 145, the authors note that this point is usually incredibly difficult
to compute, as it would require an FCI wavefunction, and instead
consider the maximum of the polarizability along the bond axis as
the point where the bond breaks. One can, however, easily calculate
this point for PP, using

2 2 2 2
8X;‘=8X§(aw“) 4 e 00, (53)
OR dwy \ OR Ows OR
with the parametrization (46) giving
1 5 a
P(wi,ﬂ)l 81){(2 = wa(1-202), (54)
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and thus a solution of w, = %[2 This corresponds to a bond order of

Xa = % ~ 0.5774, or a bonding orbital occupation of ng, ~ 0.7887.
These are ideal values; inclusion of weak correlation will decrease
them slightly. From Fig. 4, it is clear that parametrization (46) is not
perfect but it is only needed in the neighborhood of the inflection
point. For H; in the minimal basis STO-6G, OO-PP predicts bond
breaking near R = 3.335ay, close to the value R = 1.75 A ~ 3.307a9
obtained in Ref. 145 from the polarizability (FCI/aug-cc-pVTZ).

IV. CONCLUSION

We have demonstrated that the PP wavefunction, long recog-
nized as a key model for strong correlation, naturally emerges as
an eigenvector of a simplified reduced BCS Hamiltonian formulated
in the space of bonding and antibonding orbitals. This construc-
tion clarifies the formal relationship between PP, pCCD, and RG
states, establishing a unifying framework that connects orbital-
and geminal-based descriptions of electron correlation. Within this
picture, the complementary eigenvectors of the simplified Hamilto-
nian provide a systematic route to include weak correlation effects
through perturbative corrections. In particular, EN2 built upon
PP yields results nearly indistinguishable from pCCD, confirming
that the latter effectively incorporates the same physical content
through a CC parameterization. Because PP is derived from a well-
defined model Hamiltonian, one can explicitly construct a complete
Hilbert space in which corrections may be introduced systematically,
much like in single-reference methods for weakly correlated systems.
While the present treatment is restricted to the seniority-zero sector,
including the PP limit to RG states with non-zero seniority’*'"” is a
tedious but straightforward exercise. In contrast, pCCD lacks a sys-
tematic correction scheme capable of seamlessly incorporating both
weak and strong correlation,” /%! 14071%9
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APPENDIX: PP-EN2 EXPRESSIONS
1. RDM elements

RDM elements for the intra-pair excitation |¥5) are almost the
same as for |¥). The only difference for the 1-RDM occurs in the
VBS, which has been modified:

_1\
(na )2:1 1,@ =g, (A1)
‘ 2 w§+1 o

while the pair-transfer element in the modified VBS becomes

(Plxo“l )z = (P“Mo )g =+ V (”0‘0)2("0‘1)3 = _Paofxl' (AZ)

Symbolically, the density—density elements do not change at all; they
remain the product of the 1-RDM elements (which are themselves
modified), as in Eq. (11).

RDM elements for the inter-pair excitations \‘Pﬁ) are also sim-
ple modifications of those for |¥'). In particular, the ath VBS is now
empty, while the Sth VBS is full. As a result, the I-RDM elements are
integers, that is,

(nﬂto )g = (nocl )Ec =0, (A3a)

(ng,)h = (ng)s = 1, (A3b)

while pair-transfer is not possible in either the empty or the full VBS:

(Paooﬁ)lvg( = (Plxlllo ){13 = (Pﬁoﬁl)fc = (Pﬂlﬁo )ltft =0. (A4)

Again, the density-density elements are the product of the indi-
vidual 1-RDM elements, as in Eq. (11), with the additional
element:

(D)= 1. (A5)

RDM elements for the double pair excitation |‘I’Z§) are the same

as Egs. (A1) and (A2) but in both the ath and Sth VBS. Again, the
density—density elements do not change symbolically.

2. Energy denominators

To compute the energy denominators, the primitive objects are
those for the intra-pair excitations:

1 1
(w2 +1)2 (B —E8) = ~2Laga, + 204 (—1)"(%% + 5 Laya,
“

+ 0 G%ﬁvnﬁv)’ (A6)

B(za) v
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which, because of the stationarity of the energy with respect to the
energy gaps wq [see Eq. (17)], reduces to

EO g - L (A7)

A&y

Energy denominators for double pair excitations are obtained as an
update:

L
E(O) _ E“ﬁ 0‘0041 LPop1 9 _
aﬁ PotoOtl Pﬁoﬂl (n“] nao ) (nﬁl nﬁ“ )

x> (1) Gy p,. (A8)
uv

With the electronic Hessian (16), this may also be written as

20°E 20’
BV - = —2(wi + 1) 0wl 2as1) o}
O’E

The energy denominators for the inter-pair excitations are likewise
an update of the intra-pair excitations,

L“o“l + Lﬁoﬂl
2P‘x00‘1 2Pﬁ0ﬁ1

+ 22 G“#ﬁv Vla}‘ nﬁl—v’ (Alo)
uv

E(O) - Efi = + &y + Eay — &g, — €, — 2Gﬂoﬁ1

where ¢ are the orbital energies defined in Eq. (18).

3. Transition elements

Energy numerators require transition density matrix (TDM)
elements from the reference wavefunction |¥) to its excited states.
The intra-pair excitation |¥y) only couples to the reference through
elements involving the ath VBS. The normalized non-zero one-body
elements are

<\{,aA >:_<\P0t/\

which evidently sum to zero. There are also non-zero pair-transfer
elements in the ath VBS, which, when normalized, become

) = —Paga (A11)

(¥el Py, Py [¥) = 1o, (A12a)

<

Notice that pair-transfer TDM elements are not symmetric. Non-
zero density-density elements only occur when one index is in the
ath VBS and the other is not. When normalized, we have

fig | ¥) = (¥alr

where, on the right-hand side, the 1-RDM elements (ng, ) = ng, are
identical as 8, is not in the ath VBS.

The double-pair excitation |‘I’Z£) couples to the reference |¥)

o|Pa P2 [¥) = —11a,. (A12b)

(el g, |¥) =

)ng,» (A13)

only through the normalized elements:
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s

)=

= (‘Yaﬁ ?

fip, |\II> < ZﬁWn fig, |\P>

ﬁﬂl |\P> = P“O“IPﬁoﬁl‘ (A14)

Any state with more than two pair excitations will not couple to the
reference |¥) through a two-electron operator.

The inter-pair excitation |‘I’§) only couples to |¥) through pair
transfers taking a pair of electrons from the ath VBS and placing it
in the fth. The non-zero normalized elements are

(Wals_ B %) = (-1 fre . (A15)

Again, pair-transfer TDM elements are not symmetric and are
forbidden in the reverse processes:
) = (¥

( )=
Py, ) = 0. (A16)

|

The energy numerators are thus simple to evaluate, giving

. p wh| b2 By |‘I’>

1

(wa+ 1)% (Y2|Hc|¥) = waLaga, + > (—1)”(}:% + %LM
u

+ Gowﬁ,,”ﬁ,,); (A17)

p(za) v

which vanishes as a consequence of the stationarity of the energy
given by Eq. (17). The intra-pair transfers thus give no contribution,
analogous to the Brillouin theorem for Slater determinants in the HF
orbitals. The energy numerators for the double-pair excitations are

(VERIFCIY) = 2Pase, P, 3 (<1)“" Gy, (A18)
uv

or, from Eq. (16), we have

9’E
B 2 2
) = 2(w} + 1)(wf + 1)7&0&8%. (A19)

(wislm

For the inter-pair excitations, the energy numerators are likewise
simple:

<W€|ﬁc|\y) = Lﬁlao VNN, = Lﬁlm \/ Ny 1B,

= Lpyagn/Pao g, + Lpya, /Ny 116, - (A20)
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