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ABSTRACT: The complex absorbing potential (CAP) formalism has
been successfully employed in various wave function-based methods to
study electronic resonance states. In contrast, Green’s function-based
methods are widely used to compute ionization potentials and electron
affinities but, despite a few influential contributions, have seen only
limited application to resonances. We integrate the CAP formalism
within the GW approximation, enabling the description of electronic
resonances in a Green’s function framework. This approach entails a
fully complex treatment of orbitals and quasiparticle energies in a non-
Hermitian setting. We validate our CAP-GW implementation by
applying it to the prototypical shape resonances of N2

−, CO−, CO2
−,

C2H2
−, C2H4

−, and CH2O−. It offers a fast and practical route to
approximate both the lifetimes and positions of resonance states,
achieving an accuracy comparable to that of state-of-the-art wave function-based methods.

1. INTRODUCTION
Anions can be classified as either electronically bound or
unbound, based on the sign of the electron affinity (EA) of
their corresponding neutral parent state.1−7 Bound anions,
characterized by positive EAs, can accommodate an additional
electron in a square-integrable state. Two subclasses exist. In
valence-bound anions, an additional electron occupies a π* or
σ* antibonding orbital. As a notable example, the C2 molecule
possesses a negative lowest-unoccupied molecular orbital
(LUMO) energy and can thus bind an additional electron.
Valence-bound anions are even more prevalent in large π-
conjugated systems, such as DNA, where low-energy electron
attachment (0.1−0.2 eV) can weaken chemical bonds and lead
to single- or double-strand breaks.8−11 In dipole-bound anions
(like NC-CH3

− or NCH−), the extra electron resides in an
extremely diffuse orbital stabilized by the long-range electric
field of a permanent dipole moment (typically μ ≥ 2.5 D).2,3

Here, the electron remains far from the molecular core, and the
binding energy is very small, often between a few meV to a few
hundred meV. Such dipole-bound states are ubiquitous in
water clusters, where the cumulative dipole moment is
sufficient to weakly bind an electron.12

In contrast to bound anions, unbound anions possess
negative EAs.7,13 These anions are therefore temporary,
corresponding to metastable electronic resonances, that is,
discrete states embedded within the continuum that decay via
electron autodetachment. Unlike bound states, which have
real-valued energies, resonances are characterized by a complex
(Gamow−Siegert) energy14,15

=E E i /2R (1)

where ER denotes the resonance position and Γ is the
resonance width, which is related to the lifetime against
autoionization by ℏ/Γ.16 In the inner molecular region, these
so-called Gamow-Siegert states exhibit a large amplitude
similar to that of bound states. However, in the asymptotic
region, their wave functions oscillate like those of unbound
states. The complex energy leads to an exponential decay in
time of the state’s amplitude, reflecting its metastable
character. As a result, these states are not square-integrable,
and standard Hermitian methods are inapplicable (see below).

Resonances are typically classified into two families. Shape
resonances involve a one-electron decay process in which the
excess electron is temporarily trapped in an antibonding
orbital. Typical examples are the Π-shape resonances of N2

−

and CO−, or electronically excited states of closed-shell
anions.17−19 Feshbach resonances,20−25 in contrast, occur
when electron attachment is accompanied by an internal
electronic excitation of the molecule, resulting in a two-
electron transition for detachment. A well-known example is
the doubly excited 1Σg

+ state of H2.
26,27 This added complexity

confers longer lifetimes, often extending to the microsecond
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range, and gives rise to much narrower spectral features. In
systems such as the para-benzoquinone radical anion, both
shape and Feshbach resonances manifest simultane-
ously.19,28−32

Temporary anions can form either by direct electron
attachment to a neutral molecule or via photoexcitation of a
bound anion. With lifetimes ranging from tens of femtoseconds
to a few picoseconds, they appear spectroscopically as
broadened peaks and play important roles in diverse processes,
including radiation-induced DNA damage,8−11 radiosensitiza-
tion,33 interstellar chemistry,34 and nanofabrication.35,36 Other
types of resonances include multiply charged anions, core-
excited and core-ionized states, superexcited states, and Stark
resonances.37,38

Because temporary anion wave functions exhibit both bound
and continuum character, they are not square integrable and
require non-Hermitian theoretical treatments. A widely used
approach is the complex absorbing potential (CAP)
method,39−47 in which a complex potential is added to the
Hamiltonian to absorb the resonance tail, rendering the state
square integrable. This allows resonances to be treated
analogously to bound states, enabling the computation of
their positions and widths with adapted quantum chemistry
methods.

As with other non-Hermitian approaches, such as complex
scaling48,49 or the use of complex basis functions,50,51 the CAP-
modified Hamiltonian becomes complex-valued and non-
Hermitian.37,38,52 Consequently, resonances emerge directly
as eigenstates of this modified Hamiltonian, each characterized
by a complex energy whose imaginary part encodes the
resonance width.

The CAP formalism must be coupled with a specific
electronic structure method. It has been successfully combined
with a broad range of wave function- and density-based
approaches. These include selected configuration interaction
(SCI),53 equation-of-motion electron-attached coupled-cluster
with singles and doubles (EOM-EA-CCSD),42,43,54 Fock-space
multireference coupled-cluster theory,55,56 coupled-cluster with
perturbative triples,57,58 symmetry-adapted-cluster configura-
tion interaction,59 extended multiconfigurational quasidegen-
erate second-order perturbation theory (XMCQDPT2),30,60

multireference configuration interaction (MRCI),41,61 and
density-functional theory (DFT).62 In addition, alternative
implementations of some of these methods exist, where the
CAP-augmented Hamiltonian is projected onto a subspace
spanned by a finite number of eigenstates of the physical
Hamiltonian. A notable example is the “projected” CAP-EOM-
CCSD approach.63

However, studies involving Green’s function methods in this
context remain rather limited. A notable exception is the work
of Cederbaum and co-workers, who explored the combination
of CAP with the second-order algebraic diagrammatic
construction (ADC). More recently, the third-order ADC
approach was applied to paradigmatic resonances67,68 thanks to
the development of the intermediate state representation
(ISR) formalism, which allows for the decoupling of the
ionization potential (IP) and EA sectors via the so-called non-
Dyson framework.69,70

Within the broad family of Green’s function methods,71−73

the GW approximation74−76 has, to the best of our knowledge,
been applied to unbound anions only once.77 In that study, the
authors combined GW with the stabilization method by scaling
the exponents of the most diffuse basis functions, then

analytically continued the computed energies into the complex
plane. This general framework can be applied to any electronic
structure method.78

This is somewhat surprising, given that GW is known to
perform very well for valence79−85 and core86−92 IPs in
molecules. In fact, the accuracy of GW is such that designing
effective beyond-GW schemes that outperform it at a
reasonable computational cost remains a significant chal-
lenge.93−116 Importantly, algorithmic improvements have been
designed to lower the computational scaling of GW, which can
thus be applied to very large systems.87,92,117−133 However, its
performance for anions, particularly unbound ones, is much
less well-documented. Although some benchmark studies exist
for bound anions,79,80,114,116,129,134−138 we are not aware of any
investigations addressing unbound anions using the standard
non-Hermitian frameworks, such as CAP, complex scaling, or
complex basis functions.

We also note the recent work of Ghosal, Joshi, and Voora,139

who developed a scheme based on exact exchange (EXX) and
a random-phase approximation (RPA) correlation functional
within a generalized Kohn−Sham framework. By incorporating
nonlocal exchange and long-range polarization effects through
RPA, their approach yields more reliable molecular electron
affinities than standard Kohn−Sham schemes. While this
method may be regarded as Green’s function-inspired due to
its use of the RPA functional, it does not explicitly rely on the
one-body Green’s function.

The goal of the present study is to introduce the CAP-GW
approach and evaluate its performance in describing shape
resonances. To this end, we investigate different levels of GW
self-consistency: (i) the widely used one-shot scheme, known
as G0W0;

140−146 (ii) the eigenvalue self-consistent GW
(evGW) method, in which self-consistency is enforced on
the quasiparticle energies;137,147−150 and (iii) the quasiparticle
self-consistent GW (qsGW) scheme, which extends self-
consistency to both the energies and orbitals.128,151−157

Calculations are performed for six widely studied shape
resonances in small molecules, and the resulting resonance
parameters are compared against available experimental data
and CAP-augmented state-of-the-art theoretical approaches,
namely, CAP-SCI and CAP-EOM-EA-CCSD.

2. THEORY
2.1. Complex Absorbing Potential. When dealing with

resonance states, the wave function exhibits an oscillating,
nondecaying tail that prevents it from being square-integrable.
To address this, a CAP is introduced into the electronic
Hamiltonian. Specifically, a term −iηŴ, with η > 0, is added to
the original N-electron Hamiltonian Ĥ, leading to the modified
Hamiltonian

=H H W( ) i (2)

where Ŵ is defined as a sum of one-electron contributions

=
=

W w
k

N

k
1 (3)

The one-body potential wk can take various forms, but the
most commonly employed choice is a quadratic form

= | | | | >
w

( ) if

0 otherwise
k k0

2
0

k

l
moo
noo (4)
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Here = + +w w w wk x y zk k k
sums over the Cartesian compo-

nents αk ∈ {xk, yk, zk} of the kth electron, and α0 ∈ {x0, y0, z0}
specifies the onset of the absorbing potential along each
coordinate axis. The parameter η has dimensions of energy per
length squared, ensuring that ηŴ is dimensionally consistent
with the Hamiltonian. Throughout this work, η is given in
atomic units (Eh a0

−2).
It is important to note that while Ĥ is Hermitian, the

introduction of the CAP makes Ĥ(η) a complex symmetric
operator, satisfying =H H( ) ( )T. As a result, the eigenvalues
and eigenvectors become complex, and the left and right
eigenvectors are related by simple transposition.

Due to the symmetric but non-Hermitian nature of Ĥ(η),
the usual stationary principle must be adapted by replacing the
standard complex inner product with the so-called c-product,
as introduced by Moiseyev.158 This leads to the following
stationary expression for the complex energy

= | |E H( ) ( ) c (5)

where the trial wave function Ψ is c-normalized such that
| = 1c , and the c-product is defined as

| = r r rf g f g( ) ( ) dc (6)

This definition ensures that the energy functional is
stationary at eigenfunctions of Ĥ(η), consistent with its
complex symmetric structure. In principle, with a complete
basis set, the resonance energy can be obtained by taking the
limit η → 0+. However, in practical calculations with finite
basis sets, one must determine an optimal, small but nonzero
value of η, denoted ηopt. This value balances two competing
errors: the perturbation introduced by the CAP (which grows
with η) and the incompleteness error of the basis set (which
diminishes with η).

Riss and Meyer40 proposed that ηopt can be identified by
minimizing the so-called energy velocity

= E
argmin

d ( )
dopt

(7)

Practically, this involves plotting the trajectory of E(η) as a
function of η in the complex plane and locating the minimum
of the energy velocity. Analytical continuation using a Pade ́
approximant has also been proposed to bypass this
optimization (see, for example, ref 159).
2.2. Complex Hartree−Fock Theory. As a first step, we

perform a complex restricted Hartree−Fock (cRHF) calcu-
lation incorporating the CAP to obtain a mean-field reference
wave function and energy for the (closed-shell) neutral system.
Therefore, we add the complex potential to the usual Fock
matrix

=F F W( ) i (8)

where F is the (complex-valued) Fock matrix in the (real-
valued) atomic orbital basis, which contains the one-electron
core Hamiltonian, as well as the two-electron Hartree and
exchange contributions. The elements of W are the one-
electron CAP contributions in the same basis.

Diagonalizing the η-dependent Fock matrix, F(η), yields
complex molecular orbitals and energies, represented by the
matrix of right eigenvectors C(η), which are normalized with
respect to the c-product, such that

· · =C S C 1( ) ( )T (9)

Here, S is the overlap of the atomic basis functions. In practice,
this step is performed via a modified Cholesky decom-
position.160 The HF equations are iteratively solved until self-
consistency is reached. Note that we do not apply any
projection to reduce the unphysical perturbation of the
occupied orbitals introduced by the CAP.161

2.3. Complex GW Approximation. As a second step, we
carry out a complex-valued GW calculation which explicitly
incorporates the CAP to access the anionic resonances starting
from the neutral reference state. In this work, we present the
essential equations for understanding and implementing the
complex GW formalism, and we direct readers interested in
further details to several dedicated reviews75,76,162−164 and
textbooks.71−73,165

Within the four-point formalism,111,166−169 the instanta-
neous Coulomb potential is expressed as

=
| |r r

v
t t

(12; 1 2 ) (11 )
( )

(22 )1 2

1 2 (10)

where δ(11′) represents the Dirac delta function. The indices,
such as 1, denote shorthand notation for both time coordinates
(t1) and the spin-space coordinates x1 = (σ1, r1) for each
particle.

In practical applications of the GW approximation, the
process begins with a reference propagator G0, typically
derived from a mean-field model. To keep things simple, we
illustrate the coupled integro-differential equations for the GW
formalism when G0 = GHF is used as the reference propagator.
Note that, in the present context, the HF orbitals and their
corresponding energies are already complex-valued (see
Section 2.2).

The total self-energy can be decomposed into three
components: the Hartree (H), exchange (x), and correlation
(c) contributions, such that

= + +(11 ) (11 ) (11 ) (11 )H x c (11)

The exchange−correlation part, denoted Σxc = Σx + Σc, is
calculated as the convolution of the one-body interacting
Green’s function G with the dynamically screened Coulomb
interaction W

= G W(11 ) i d(22 ) (22 ) (12 ; 21 )xc (12)

Here, W is determined via the irreducible polarizability L̃ as
follows

=W(12; 1 2 ) v(12 ; 1 2 )

+W L vi d(343 4 ) (14; 1 4 ) (3 4 ; 3 4) (23; 2 3 ) (13)

A superscript over an index, such as 1±, indicates an
infinitesimal time shift, i.e., t1± = t1 ± τ (τ → 0+).

The irreducible polarizability L̃ in the GW approach is
approximated as the product of two Green’s functions

=L G G(12; 1 2 ) (12 ) (21 ) (14)

The Green’s function itself is computed via the Dyson
equation

= +G G G G(11 ) (11 ) d(22 ) (12) (22 ) (2 1 )HF HF c

(15)
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To describe quasiparticles, it is often convenient to
introduce a set of spin−orbital basis functions { }p p K1

associated with energies { }p p K1 . In the absence of a CAP,
both quantities are real-valued, reflecting the Hermitian nature
of the underlying operators. However, when a CAP is present,
the energies and the corresponding orbitals generally become
complex.

Within this spin−orbital basis, the Lehmann representation
of G is given by

= +
+

x x
x x x x

G( ; )
( ) ( )

i

( ) ( )

ii

i i

i a

a a

a
1 1

1 1 1 1

(16)

Here, the indices a, b, ... represent the V virtual orbitals (states
above the Fermi level), i, j, ... denote the O occupied orbitals
(states below the Fermi level), and ν labels single (de)-
excitation (ia). The indices p, q, ... are used for arbitrary
orbitals, and we have K = O + V. The parameter κ > 0 is a small
positive broadening term that ensures the correct causal
structure of the Green’s function. It is commonly denoted as η
in the literature, but we use κ here to avoid confusion with the
CAP strength parameter [see eq 2]. Note that, due to the use
of the c-product, the orbitals in eq 16 are not complex-
conjugated.

By performing Fourier transforms and projecting onto the
spin−orbital basis, we can derive the matrix elements for the
correlation part of the self-energy

[ ] =
+

+
+

M M

M M

( )
i

i

pq
i

pi qi

i

a

pa qa

a

c
, ,

, ,

(17)

The transition densities are expressed as

= [ | + | ]M pa qi X pi qa Ypq
ia

ia ia, c , c ,
(18)

Here, the bracket notation represents the electron repulsion
integrals

| =
| |

x x x x

r r
x xpq rs

( ) ( ) ( ) ( )
d d

p q r s
c

1 2 1 2

1 2
1 2

(19)

The excitation energies Ων, satisfying >Re( ) 0, and the
corresponding amplitudes Xia,ν and Yia,ν are obtained by solving
a Casida-like170 RPA171−174 eigenproblem in the basis of single
excitations (i → a) and deexcitations (a → i)

· = ·A B
B A

X Y
Y X

X Y
Y X

0
0

i
k
jjj y

{
zzz i

k
jjj y

{
zzz i

k
jjj y

{
zzz

i
k
jjjj

y
{
zzzz (20)

Here, X and Y are matrices whose columns are the
eigenvectors Xν and Yν, respectively, and Ω is a diagonal
matrix with eigenvalues Ων on the diagonal, representing the
excitation energies. The matrix elements of A and B are
defined as

= + |A aj ib( )ia jb a i ij ab, c (21a)

= |B ab ijia jb, c (21b)

Unlike the usually employed complex version of eq 20,
which involves complex conjugation of the amplitudes,175 this

formulation does not, owing to the use of the complex
symmetric c-product in place of the standard Hermitian scalar
product, such that | = |ij ab ab ijc c.

We impose the following normalization conditions on the
solutions X and Y similar to the real case176

· · =X X Y Y 1T T (22a)

· · =X Y Y X 0T T (22b)

2.4. Self-Consistent GW Schemes. We now shift our
attention to the computation of the Dyson orbitals φp and
quasiparticle energies ϵp. The Dyson eq 15 implies that these
quantities should satisfy the following dynamical non-
Hermitian equation

[ + = ] =f ( )p p p pc (23)

where f represents the Fock operator in the molecular orbital
basis. However, the frequency dependence of the correlation
self-energy Σc introduces nonlinearity and complexity to this
quasiparticle equation, prompting the use of various approx-
imations.

The G0W0 scheme, for instance, involves a single-shot
iteration of eq 23 by considering only the diagonal elements of
the self-energy.140−146 In this approach, starting from one-
electron HF orbitals φp

HF with energies ϵp
HF, the following

equation is solved

+ [ = ] =( )p p pp p
HF

c (24)

By performing a root search using the Newton−Raphson
algorithm starting from the mean-field energies, we aim to
locate the quasiparticle solutions, i.e., the roots of the nonlinear
equations that carry the largest spectral weights

=

=

Z 1

1
p ( )

p

c

(25)

The evGW method, where only the quasiparticle energies
are revised, takes a more iterative approach by updating, at
each step, the RPA eigenvectors Xν and Yν used to construct
the transition densities [see eq 18], the RPA neutral excitation
energies Ων and quasiparticle energies ϵp involved in the
expression of the RPA matrix elements [see eqs 21a and 21b]
and the self-energy [see eq 17]. This iterative refinement of the
self-energy leads to progressively improved quasiparticle
energies until convergence is achieved.137,147−150

In the qsGW approach, both orbitals and energies are
upda ted se l f - cons i s t en t l y un t i l conve rgence i s
reached.128,151−157 This is accomplished by iteratively diago-
nalizing an effective Fock-like operator

+ =f( ) p p pc (26)

where the correlation part of the self-energy is approximated by
a static, Hermitian operator c with matrix elements given by

[ ] =
[ = ] + [ = ]( ) ( )

2pq
p pq q qp

c
c c

(27)

Note that, thanks to the orbital self-consistency, the qsGW
results (or, more generally, the manifold of solutions) are
independent of the starting set of orbitals.

It should be noted that the construction in eq 27
corresponds to the so-called “mode A” introduced by Kotani,

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.5c01164
J. Chem. Theory Comput. 2025, 21, 11463−11480

11466

pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c01164?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


van Schilfgaarde, and Faleev.154 In the same work, the authors
proposed an alternative construction, “mode B”, which is often
used in qsGW implementations that rely on analytical
continuation of the self-energy.116,177,178 In mode B, the off-
diagonal elements of the self-energy are evaluated at the Fermi
energy, which is numerically more stable than evaluating them
far from it. This improves convergence while producing results
that are essentially comparable to mode A. However, because
the expression of eq 27 is more common, we will only consider
mode A in the present study.

A recent alternative to the qsGW self-energy, based on a
similarity renormalization group (SRG) approach, has been
proposed.157 We extended this method for complex-valued
energies. The expressions for the self-energy can be found in
Appendix B. The SRG regularizes the self-energy, in contrast to
the approach of eq 27. Such regularization is crucial, as
achieving convergence in a large basis set, required to treat
resonances at the qsGW level, is generally challenging. The
SRG-regularized self-energy and the form given in eq 27 are
closely related. The former depends on a flow parameter s. In
the limit s → ∞, both yield identical diagonal components of
the self-energy, leading to very similar final results. Conversely,
at s = 0, the method reduces to the mean-field approximation,
recovering the corresponding orbital energies and orbitals. The
same renormalization can be used for evGW. In the following,
unless otherwise stated, we use the renormalized version of the
evGW and qsGW methods to improve convergence.

As discussed in Section 1, resonance states are characterized
by complex energies with a small negative imaginary
component, reflecting their finite lifetimes. To identify such
a state, we first perform a calculation on the neutral molecule
and then examine the quasiparticle energies ϵp with real part
above the Fermi level, corresponding to electron attachment
processes. Among the states within a given real component
energy window, the resonance is identified as the one with the
smallest imaginary part, indicating the longest lifetime and the
most bound-state-like character. Its position and width are
given by

= =E Re( ) 2Im( )R p p (28)

in accordance with eq 1. These definitions apply both at the
HF and the GW levels of theory. At the HF level, this
approximation to IPs and EAs is commonly referred to as
Koopmans’ theorem.179

As mentioned in Section 1, GW can be implemented with
cubic scaling, thanks to numerous innovative algorithmic
developments.87,92,117−133 In particular, a cubic-scaling im-
plementation of qsGW was recently reported by Förster and
Visscher.128 As a result, partially self-consistent GW schemes
can now be applied to molecular systems beyond the size limit
of wave function methods like EOM-CCSD. Nonetheless, it is
worth mentioning that our current implementation scales as

K( )6 due to the diagonalization of the RPA eigenproblem
(20).
2.5. Spectral Function. The single-particle Green’s

function provides direct access to the spectral function

= | |A G( )
1

Im ( )p p (29)

of each quasiparticle state p, as well as to the total spectral
density

=A A( ) ( )
p

p
(30)

In G0W0 and evGW, where the self-energy is ω-dependent,
the spectral function becomes

= | |
+

A
I

R I
( )

1 ( )
( ) ( )p 2 2 (31)

with

= { [ ] }R( ) Re ( )p pp
HF

c (32a)

= { + [ ] [ ] }I( ) Im ( ) sgn Re( )p pp p
HF

c
HF

(32b)

where μ is the chemical potential. For the qsGW with static
self-energy, the spectral function is given by

=
| { [ ] }|

+ { [ ] }
A ( )

1 Im sgn Re( )

Re( ) Im sgn Re( )p
p p

p p p
2 2

(33)

In standard GW calculations, a finite broadening parameter κ
is typically introduced to generate a nonzero width, i.e. finite
lifetime. In our CAP-based approach, however, an imaginary
part to the energies is inherently introduced, effectively
regularizing the Green’s function and eliminating the need
for artificial broadening.

3. COMPUTATIONAL DETAILS
The various flavours of CAP-GW developed here have been
implemented in an open-source in-house program, named
QUACK.180 The one-electron CAP integrals have been
computed with OPENCAP 1.2.7.181 For the six small molecules
investigated here, the CAP onsets, as well as the bond lengths
and the bond angles, are given in Table 1. In addition, we

provide, in the Supporting Information, the geometry files and
basis sets. For the SRG, we systematically used s = 500, unless
otherwise stated. This ensures good convergence to the result
obtained without regularization.157 Additionally, to improve
the convergence of the self-consistent HF and qsGW
procedures, we rely on Pulay’s DIIS algorithm,182,183 here
adapted for complex algebra with the c-product. The exact
implementation of this adaptation is outlined in Appendix A.
The qsGW calculations are carried out with a convergence

Table 1. Parameters Employed for the CAP Calculations:
CAP Onset (x0, y0, z0), Bond Lengths and Anglesa

system (x0, y0, z0) bond length bond angle

N2
− (2.76, 2.76, 4.88) RNN = 2.0740

CO− (2.76, 2.76, 4.97) RCO = 2.1316
C2H2

− (3.20, 3.20, 6.35) RCC = 2.2733 ∠CCH = 180.0
RCH = 2.0088

C2H4
− (7.1, 4.65, 3.40) RCC = 2.5303 ∠CCH = 121.2

RCH = 2.0522
CH2O− (3.85, 2.95, 6.10) RCO = 2.2771 ∠HCO = 121.9

RCH = 2.0995
CO2

− (3.33, 3.33, 9.57) RCO = 2.1978
RCH = 2.0995

aAll lengths are in bohr and all angles in degrees. The molecular
orientation with respect to the CAP can be seen in the Supporting
Information.
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threshold of 5 × 10−4 a.u. on the usual commutator norm.184

Under these conditions, such calculations typically converge
within approximately four or five iterations. We calculate the
derivatives needed to obtain the energy velocity [see eq 7] by
the standard second-order finite difference scheme using a step
size of 5 × 10−5 for η.

The broadening parameter κ is set to zero in all CAP-GW
calculations. Both the GW approximation and the CAP
formalism are always applied to all occupied and virtual
orbitals. For G0W0 and evGW, quasiparticle energies are
computed by directly solving the nonlinear, frequency-
dependent quasiparticle equation, without resorting to
linearization. Our study is limited to closed-shell neutral
reference systems, consistently employing a restricted formal-
ism. Throughout this work, HF orbitals and energies are
systematically used as the starting point, a choice justified by
the relatively small size of the molecular systems considered.

For all calculations in this work, we employ the aug-cc-
pVTZ + 3s3p3d basis set. This corresponds to the standard
aug-cc-pVTZ basis set, augmented by three additional diffuse
functions of each angular momentum type (s, p, and d),
centered at the geometric center of the molecule. For each
angular momentum, the exponent of the first added diffuse
function is chosen as half the average of the smallest exponents
of the functions centered at the unique non-hydrogen atoms.
The remaining two exponents for each angular momentum are
generated by successively halving the previous one, forming a
geometric progression. The same basis set has been employed
in several previous studies.43,53,185 Full details of the basis sets
used in this study are provided in the Supporting Information.

4. RESULTS
4.1. N2

−. 4.1.1. Context and Approach. The N2
− temporary

anion, corresponding to a 2Πg configuration, is one of the most
extensively studied resonances. It therefore serves as the first
benchmark system for our method and is discussed in greater
detail to provide the necessary context for interpreting the
results of systems examined subsequently. For each system and
method, we provide Dyson orbitals that confirm the electronic
configuration, as well as energy-velocity plots, in the
Supporting Information.

We begin with a brief overview of results obtained using
various related theoretical approaches. While not intended to
be comprehensive, this overview serves to place our findings in
the appropriate context. We then present the results obtained
with the methods introduced in this work.

Starting at the lowest level of theory, we present a more
qualitative discussion, as these results are inherently less
accurate by design. As described in Section 2.2, we
implemented a complex restricted HF method incorporating
a CAP. Koopmans’ theorem provides a mean-field estimate of
the EA. This level of theory is highly approximate, even more
so than other mean-field approaches that perform self-
consistent calculations for both the neutral and anionic species.
The energy difference in the latter yields the EA while
accounting for state-specific orbital relaxation, commonly
known as the ΔSCF method.

ΔSCF calculations targeting the resonance require a state-
specific HF formulation, which is feasible but beyond the scope
of this work. Comparing our Koopmans-level results with
literature ΔSCF data,62 both methods overestimate the
resonance position by roughly 1 eV, while we overestimate
the width by a factor of about two. In contrast, ΔSCF yields

more reasonable widths. Nevertheless, our method successfully
identifies the resonance and provides rough estimates of the
position and width. Thus, it serves as a suitable mean-field
starting point for subsequent GW corrections, rather than final
predictive results.

At a comparable level of correlation treatment, GW methods
have been combined with the stabilization technique, which
estimates the position and width by analytic continuation.77 In
that study, G0W0 underestimates the width obtained by EOM-
CCSD with analytic continuation by more than a factor of 4. In
contrast, a self-consistent GW approach that includes orbital
relaxation yields lifetimes of the correct order of magnitude.77

Furthermore, Green’s function methods combined with
CAP have been applied in previous studies using different basis
sets than those employed in our work, making a direct
comparison difficult. Nevertheless, these approaches have been
shown to yield reasonable estimates for both the resonance
position and width. For instance, reported values including
basis set uncertainty are 2.58(13) eV for the position and
0.55(14) eV for the width.65 Despite the methodological and
basis set differences, our qsGW results for the resonance
position largely fall within the reported error margins (see
Table 2). However, the resonance width at the second
minimum (see below) deviates by 0.17 eV.

We now turn to the highest level of theory combined with a
CAP: extrapolated full configuration interaction (exFCI),
which treats all electronic correlations.53 Due to its high
computational cost, reference data are limited. For N2

− and
CO−, however, exFCI results53 are available at the optimal
CAP strength η obtained from EOM-EA-CCSD calculations.43

Comparing EOM-EA-CCSD to exFCI reveals smaller devia-
tions than those observed between our GW results and EOM-
EA-CCSD. We remark that the deviations are in the expected
order of magnitude of CCSD to FCI for neutral excitations
(see Table 2).186 Since exFCI data is available only for selected
systems and lacks η-optimization, while EOM-EA-CCSD

Table 2. Optimal CAP Strengths, Resonance Positions, and
Widths of N2

− Obtained Using Different Methodsd

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.00170* 2.977 0.484
G0W0 0.01150 2.765 0.244
evGW 0.00170* 2.963 0.446
evGW 0.01325 2.725 0.240
qsGW 0.00160 2.565 0.460
qsGW 0.00780 2.707 0.386
CAP-EOM-EA-CCSD43 0.0015 2.487 0.417
CAP-exFCI53 0.0015* 2.449 0.391
CAP-EOM-EA-CCSD63 0.0070 2.617 0.395
CAP-EOM-EA-CCSD188a 0.0020 2.461 0.428
CAP-EOM-EA-CCSD187b 0.0022 2.511 0.407
experiment189c 2.316 0.414

aValues obtained using the aug-cc-pVQZ basis set augmented by
three sets of s-, p-, and d-type diffuse functions on each atom. bValues
obtained using the aug-cc-pVTZ basis set augmented by six sets of s-,
p-, and d-type diffuse functions on each atom. cValues obtained by
fitting a theoretical model to experimental data. dThe GW results are
from this work; other data are taken from the cited references.
Optimal η values marked with * are derived by another method as
described in the main text.
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values exist for all systems studied in this work, we adopt CAP-
EOM-EA-CCSD as our primary theoretical reference.

For N2
−, resonance positions and widths derived by CAP-

EOM-EA-CCSD have been reported at significantly different
CAP strengths: One at η = 0.001543 and one at η = 0.007.63

Those values correspond to two different local minima in the
energy velocity. We observe a qualitatively similar behavior and
trajectory using the qsGW method (see Figure 1). Similar

multiple-minimum structures also appear in other systems
studied. This phenomenon may arise from the limited size of
the basis set.187,188 Here, our goal is to assess the performance
of CAP-GW approaches relative to higher-level theories.
Whenever available, we also include results obtained with
larger basis sets. For N2

−, we analyze both reported minima. For
the remaining systems, multiple minima are mentioned when
encountered, but we report only the results that correspond to
the CAP-EOM-EA-CCSD reference. Furthermore, we note
that all CAP-EOM-EA-CCSD values reported in the following
tables and figures correspond to unprojected, thus “full”, CAP
calculations.

4.1.2. Trajectories, Positions and Lifetimes. Within the
qsGW framework, a single state can be followed continuously
along the η-trajectory to identify both minima. In contrast, for
methods based on HF orbitals, such as G0W0 and evGW, two
distinct trajectories must be tracked (see Figure 1). These
apparently describe the same resonance state, but at different
values of η. Moreover, for these HF-based methods, no local
minimum is found in the vicinity of the first reported
minimum, except at the Koopmans level of theory, at η =
0.0017. We therefore adopt this value to estimate the
resonance parameters in G0W0 and evGW.

Also, in evGW, the η-trajectory was not smooth enough to
reliably identify the second reported minimum of the energy
velocity using finite differences. We thus performed additional
calculations with s = 100 to identify the optimal η value.

Our results are presented in Table 2. We find that all
discussed GW methods overestimate the resonance position
compared to reference theoretical methods and experiment.
While the G0W0 and evGW methods deviate by approximately
0.5 eV from the CAP-EOM-EA-CCSD reference for the first
minimum, they are only off by about 0.1 eV for the second

minimum. On the other hand, these methods yield a more
accurate lifetime for the first minimum than for the second.
The qsGW method, by contrast, closely reproduces the
reference values, with differences of about 0.1 eV for the
resonance position and 0.05 eV for the width Γ. Compared to
experimental data, all GW methods, as well as the CAP-EOM-
EA-CCSD approach, systematically overestimate the resonance
position. Furthermore, evGW and G0W0 underestimate the
resonance width by more than 0.17 eV compared to both
theoretical and experimental values.

These observations strongly suggest that orbital relaxation
effects, accounted for only in the qsGW method, are essential
not only for reliably determining ηopt but also for accurately
describing the underlying resonance state.

4.1.3. Spectral Function. Figure 2 compares spectral
functions obtained from the qsGW method with and without

the inclusion of a CAP. We focus here on the CAP-augmented
qsGW (CAP-qsGW) result evaluated at the optimal CAP
strength, ηopt = 0.0078, which corresponds to the lower of the
two energy velocity minima discussed earlier. For comparison,
we also include spectra computed using fixed artificial
broadening parameters, κ = 0.1 Eh and κ = 0.01 Eh.

While these spectral functions offer valuable qualitative
insights, their physical interpretation is limited. First, the
chosen Gaussian basis set is clearly too small to accurately
describe the continuum, whose states are asymptotically plane-
wave-like. As the basis set is enlarged by adding more diffuse
functions, one would expect an increasingly dense set of
discrete states approximating the continuum over a broad
energy range. Second, the inclusion of the CAP discretizes the
continuum by turning it into a set of complex-valued
eigenvalues, with the goal of isolating resonance features.
However, the CAP strength η was optimized only for a specific
resonance state, so the resulting spectrum captures primarily
this state and not the entire unbound spectrum.

In the absence of a CAP, the broadening parameter κ
uniformly widens all peaks in the spectral function, regardless
of their real part ER. As a result, increasing κ leads to overly
broad and overlapping peaks, obscuring the identification of
individual resonances. Reducing κ sharpens the peaks. There is
no interpretation of the peak width since κ is an artificial
parameter and not physically meaningful. All peaks are
broadened with the same κ.

Figure 1. Trajectories of N2
− computed at different levels of self-

consistency. For G0W0 and evGW, the solid line denotes the trajectory
associated with the first energy-velocity minimum, while the dashed
line corresponds to the second minimum. Black crosses indicate the
positions of the energy-velocity minima, representing the final results
for the resonance state. Red crosses show the CAP-EOM-EA-CCSD
reference values (see Table 2). The maximum η value shown is 0.0155
for G0W0 and evGW, and 0.01 for qsGW.

Figure 2. Comparison of the spectral function of N2 derived by CAP-
augmented qsGW (CAP-qsGW) with ηopt = 0.0078 (green curve) and
qsGW without CAP but with broadening parameter κ = 0.1 Eh (blue
curve) and κ = 0.01 Eh (orange curve).
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In contrast, the CAP-qsGW approach yields a spectral
function where each resonance is broadened according to its
actual lifetime. The CAP introduces an energy-dependent,
non-Hermitian perturbation that allows for a physically
meaningful extraction of both the position ER and the
resonance width Γ. Importantly, the full width at half-
maximum of a given peak directly corresponds to Γ, the
inverse lifetime of the resonance state. Hence, the inclusion of
the CAP enables an identification of the metastable state and
provides access to its intrinsic lifetime, a quantity inaccessible
through the use of a constant broadening parameter alone.

Furthermore, it can be observed that the inclusion of the
CAP leads to only a slight shift in the peak positions compared
to the artificially broadened spectra. This is particularly evident
for the resonance state for which the CAP strength was
optimized: the first peak in the CAP-qsGW spectral function.
Its energy remains nearly unchanged, indicating that the CAP
does not significantly alter the resonance position, but rather
unveils its physical width in a controlled and interpretable
manner.
4.2. CO−. The resonance state of CO− is a 2Π shape

resonance. The trajectories obtained from the different GW
methods are shown in Figure 3. In contrast to N2

−, clear

minima in the energy velocity are identifiable at all three levels
of self-consistency, as well as at the Koopmans level. However,
the trajectories of evGW and G0W0 differ markedly in shape
from that of qsGW, and their minima appear at different
locations along the trajectories. As a result, the optimal CAP
strengths ηopt for evGW and G0W0 are more than twice as large
as that of qsGW.

The evGW and G0W0 trajectories exhibit broad turns
followed by loops in the upper right corner of the frame,
corresponding to the velocity minima. In contrast, the qsGW
trajectory features a much sharper turn, closely resembling the
shape obtained from CAP-EOM-EA-CCSD.63 This qualitative
agreement suggests that orbital relaxation plays a significant
role in accurately describing the resonance state of CO−, and
that qsGW, through its self-consistency in both eigenvalues and
orbitals, is better suited to capture orbital relaxation. We also
find another local minimum of the energy velocity at the qsGW
level for η = 0.0006, which is less pronounced and yields a
higher energy velocity than the one previously reported.
Therefore, we assume it arises from the limitations of the finite
basis set.

The numerical resonance parameters are summarized in
Table 3. As shown there, G0W0 and evGW yield very similar

results, differing by only about 0.04 eV in both the resonance
position and width. Both methods, however, underestimate the
width predicted by CAP-FCI and CAP-EOM-EA-CCSD by
more than 0.2 eV, and deviate even more from experimental
data. Additionally, they overestimate the resonance position by
more than 0.25 eV compared to the theoretical references. In
contrast, qsGW overestimates the theoretical reference
position by less than 0.15 eV and width Γ by less than 0.1
eV, representing a noticeable improvement.

We compare our results to estimates of the vertical
resonance position, that is, at the bond length of the neutral
molecule, and not the adiabatic value of 1.50 eV reported in
refs 190−192. From the parameters provided in these works,
we estimated an experimental vertical resonance position of
1.93 eV, which aligns well with the cross section maximum of
more recent experiments, peaking between 1.9 and 2.0
eV.193−195 Thus, both CAP-EOM-EA-CCSD and CAP-exFCI
slightly overestimate the resonance position relative to
experiment. The discrepancy between qsGW and experiment
is also moderate, on the order of 0.3 eV. Furthermore, for the
imaginary part of the energy, qsGW provides better agreement
with experimental data than the other theoretical methods.
4.3. C2H2

−. The resonance state of C2H2
− is a 2Πg shape

resonance. The CAP trajectories obtained from the three GW
methods are shown in Figure 4. In contrast to the case of CO−,
all methods�G0W0, evGW, and qsGW�yield qualitatively
similar trajectories, characterized by smoothly curved paths
with clearly defined minima in the energy velocity. This
similarity in shape indicates that the underlying electronic
structure and its response to the CAP are treated consistently
across all levels of self-consistency. Even though we find only
one minimum for each method, the slope of the energy
velocity decreases and then increases again around η = 0.001.
This behavior is consistent with the pattern observed for the
other molecules, where shallow local minima appear at small
values of η.

The minor variations in the shape of the trajectories are
reflected in the extracted resonance parameters (see Table 4).

Figure 3. Trajectories of CO− computed at different levels of self-
consistency. Black crosses indicate the positions of the energy-velocity
minima, representing the final results for the resonance state. Red
crosses show the CAP-EOM-EA-CCSD reference values (see Table
3). The maximal η value shown is 0.014 for all methods.

Table 3. Optimal CAP Strengths, Resonance Positions, and
Widths of CO− Obtained Using Different Methodsc

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.00870 2.412 0.407
evGW 0.00875 2.378 0.369
qsGW 0.00295 2.200 0.709
CAP-EOM-EA-CCSD43 0.0028 2.088 0.650
CAP-EOM-EA-CCSD188a 0.0018 2.010 0.775
CAP-EOM-EA-CCSD187b 0.0054 2.02 0.64
CAP-exFCI53 0.0028* 2.060 0.611
experiment190−195 1.9−2.0

1.93192 0.75192

0.80(3)191

aValues obtained using the aug-cc-pVQZ basis set augmented by
three sets of s-, p-, d- and f-type diffuse functions on each atom.
bFirst-order corrected energies using the aug-cc-pVTZ basis set
augmented by six sets of s-, p-, and d-type diffuse functions on each
atom. cThe GW results are from this work; other data are taken from
the cited references. The optimal η value marked with * is derived by
another method as described in the main text.
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The optimal CAP strengths ηopt are nearly identical across
methods, and the resonance positions differ by less than 0.12
eV. The computed widths Γ are also closely aligned, with a
spread of only 0.03 eV among the methods.

All three GW variants overestimate the resonance position
relative to the CAP-EOM-EA-CCSD reference (2.655 eV),
with qsGW performing best among them at 2.738 eV. In terms
of resonance width, all GW methods predict it slightly above
the CAP-EOM-EA-CCSD value of 0.979 eV, yet within
deviations of 0.05 eV. Notably, the best agreement for both
position and width is again achieved with qsGW, reinforcing its
overall robustness.

In summary, for the 2Πg resonance of C2H2
−, all GW

methods yield consistent results, both qualitatively and
quantitatively. The reduced sensitivity to the level of self-
consistency indicates that this system is less impacted by
orbital relaxation effects than the systems discussed before.
4.4. C2H4

−. The resonance state of C2H4
− corresponds to a

2B2g shape resonance. The CAP trajectories obtained from the
three GW variants are shown in Figure 5. As in the case of
CO−, the G0W0 and evGW trajectories exhibit qualitatively
similar behavior, featuring broad turns with identifiable minima
in the energy velocity located in the upper-right region of the
portrayed frame. However, the trajectory produced by qsGW is
markedly different in both shape and curvature, showing no
apparent similarity to those of G0W0 and evGW.

Despite these differences in trajectory morphology, all three
methods yield well-defined minima in the energy velocity.
Notably, the optimal CAP strengths ηopt differ substantially:
G0W0 and evGW require relatively large values of η (0.01215
and 0.01055, respectively), while qsGW yields a minimum at a
significantly smaller value (0.00475). This again reflects how
the interaction with the CAP is handled differently at different

levels of self-consistency, with qsGW requiring a weaker
perturbation to stabilize the resonance state. Again, we find
another local minimum on the qsGW level at lower η = 0.000
95.

The numerical resonance parameters are summarized in
Table 5. The G0W0 and evGW variants yield closely aligned

results: they differ by only 0.034 eV in the resonance position
and 0.01 eV in the width. However, they significantly
overestimate the resonance energy and underestimate the
width when compared to the high-level CAP-EOM-EA-CCSD
calculation.

In contrast, qsGW produces a resonance energy of 2.183 eV
and a width of 0.451 eV, in excellent agreement with the CAP-
EOM-EA-CCSD reference values of 2.091 and 0.430 eV,
respectively. All theoretical approaches overestimate the
resonance position relative to experiment, likely due to
limitations in the basis set and the intrinsic challenges of
modeling metastable anions.
4.5. CH2O−. The resonance state of CH2O− corresponds to

a 2B1 shape resonance. The CAP trajectories obtained from the
different GW variants are shown in Figure 6. Similar to the case
of C2H4

−, the trajectories of G0W0 and evGW exhibit
comparable shapes, both featuring smooth curves with well-
defined minima in the energy velocity. In contrast, the qsGW
trajectory differs markedly in both geometry and curvature,
reflecting the differences in orbital relaxation and self-
consistency.

Figure 4. Trajectories of C2H2
− computed at different levels of self-

consistency. Black crosses indicate the positions of the energy-velocity
minima, representing the final results for the resonance state. Red
crosses show the CAP-EOM-EA-CCSD reference values (see Table
4). The maximal η value shown is 0.007 for all methods.

Table 4. Optimal CAP Strengths, Resonance Positions, and
Widths of C2H2

− Obtained Using Different Methodsa

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.00370 2.848 1.035
evGW 0.00365 2.830 1.004
qsGW 0.00375 2.738 1.023
CAP-EOM-EA-CCSD43 0.0036 2.655 0.979
experiment196−200 2.5−2.6

aThe GW results are from this work; other data are taken from the
cited references.

Figure 5. Trajectories of C2H4
− computed at different levels of self-

consistency. Black crosses indicate the positions of the energy-velocity
minima, representing the final results for the resonance state. Red
crosses show the CAP-EOM-EA-CCSD reference values (see Table
5). The maximal η value shown is 0.013 for G0W0, 0.014 for evGW
and 0.01 for qsGW.

Table 5. Optimal CAP Strengths, Resonance Positions, and
Widths of C2H4

− Obtained Using Different Methodsb

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.01215 2.466 0.241
evGW 0.01055 2.432 0.231
qsGW 0.00475 2.183 0.451
CAP-EOM-EA-CCSD43 0.0046 2.091 0.430
CAP-EOM-EA-CCSD201a 0.0023 2.028 0.550
experiment202−208 1.7−1.9 ≤0.70202

aValues obtained using the aug-cc-pVTZ basis set augmented by three
sets of s- and p-type diffuse functions on each non-hydrogen atom.
bThe GW results are from this work; other data are taken from the
cited references.
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Despite the differences in trajectory shape, all three methods
yield identifiable minima in the energy velocity, allowing for
the determination of an optimal CAP strength ηopt. The values
of ηopt for G0W0 and evGW are nearly identical (0.00915 and
0.00900, respectively), while qsGW again requires a substan-
tially smaller value (0.00450). This consistent trend across all
systems studied suggests that fully self-consistent GW methods
(qsGW) can stabilize resonances with weaker perturbations,
owing to their more accurate treatment of orbital response in
the presence of the CAP. For this molecule, we find an
additional local minimum at all levels of self-consistency: at η =
0.000 65 for qsGW, and at η = 0.0013 for the other two
methods.

The corresponding resonance parameters are summarized in
Table 6. As in previous systems, G0W0 and evGW produce

similar results, predicting a resonance energy of 1.597 and
1.554 eV, respectively, and widths of 0.213 and 0.179 eV.
However, these methods underestimate the resonance width
compared to both high-level theory and experiment.

The qsGW method yields a lower resonance position of
1.345 eV and a broader width of 0.364 eV, in excellent
agreement with the CAP-EOM-EA-CCSD values of 1.352 and
0.376 eV, respectively. Although all GW methods overestimate
the experimental resonance position, the deviation is
significantly smaller for qsGW, suggesting a more realistic
description of the resonance state. To the best of our
knowledge, no experimental estimate for the resonance width
of this system is available.

4.6. CO2
−. The resonance state of CO2

− corresponds to a 2Πu
shape resonance. The trajectories obtained from various GW
methods are shown in Figure 7. In contrast to CO−, the shape

and behavior of the trajectories differ markedly across
methods. While clear local minima in the energy velocity are
observed for qsGW and G0W0, the evGW trajectory appears
significantly less structured within the examined range. To
address this, we performed additional calculations with s = 100
to determine an optimal value of η for evGW. Subsequently, a
calculation with s = 500 was carried out using this optimal
value.

Another related issue with evGW is that its self-consistent
procedure can converge to different nearby solutions. As a
result, varying η does not always lead to the same
corresponding GW solution.184,212,213 We hypothesize that
this is the cause of the small bump observed in the trajectory at

ERe( ) 4.0 eV . This hypothesis is supported by the fact that
no such feature appears in the G0W0 calculation. The bump
corresponds to a local minimum in the energy velocity, which
we disregard due to its likely artificial origin.

In addition, as shown in the trajectory plot (see Figure 7),
the imaginary part of the evGW energy becomes positive at a
certain point. This behavior is unphysical, so we restrict our
search for minima to regions of the trajectory where the
imaginary part remains negative.

As observed in other molecules, the qsGW trajectory
features a sharp turn that leads to a well-defined minimum,
located at a significantly smaller CAP strength, ηopt = 0.000 65,
compared to those of G0W0 (and evGW), both of which
exhibit broader trajectories and minima at ηopt = 0.012 50 (and
0.009 60). This qualitative behavior again highlights the
stabilizing influence of quasiparticle self-consistency in qsGW
and the importance of orbital relaxation for describing
resonances.

The resonance parameters are collected in Table 7. At the
qsGW level, the resonance position is ER = 4.055 eV with a
width of Γ = 0.174 eV, showing much closer agreement with
CAP-EOM-EA-CCSD and experimental values than the other
GW variants. Both the G0W0 and evGW methods predict
higher resonance positions: ER = 4.082 eV for G0W0, and ER =
4.016 eV for evGW. However, they significantly underestimate
the resonance width: Γ = 0.037 eV for evGW, and Γ = 0.015
eV for G0W0.

Figure 6. Trajectories of CH2O− computed at different levels of self-
consistency. Black crosses indicate the positions of the energy-velocity
minima, representing the final results for the resonance state. Red
crosses show the CAP-EOM-EA-CCSD reference values (see Table
6). The maximal η value shown is 0.012 for all methods.

Table 6. Optimal CAP Strengths, Resonance Positions, and
Widths of CH2O− Obtained Using Different Methodsb

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.00915 1.597 0.213
evGW 0.00900 1.554 0.179
qsGW 0.00450 1.345 0.364
CAP-EOM-EA-CCSD43 0.0100 1.352 0.376
CAP-EOM-EA-CCSD201a 0.0018 1.206 0.387
experiment209−211 0.86−0.87

aValues obtained using the aug-cc-pVTZ basis set augmented by three
sets of s- and p-type diffuse functions on each non-hydrogen atom.
bThe GW results are from this work; other data are taken from the
cited references.

Figure 7. Trajectories of CO2
− computed at different levels of self-

consistency. Black crosses indicate the positions of the energy-velocity
minima, representing the final results for the resonance state. Red
crosses show the CAP-EOM-EA-CCSD reference values (see Table
7). The maximal η value shown is 0.014 for G0W0, 0.0133 for evGW
and 0.014 for qsGW.
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qsGW thus provides a much more realistic description of the
metastable state in CO2

−, both in terms of position and lifetime.
While it still slightly overestimates the resonance position
compared to the experimental value (between 3.6 and 3.8 eV),
just as CAP-EOM-EA-CCSD, it reproduces the width within
the experimental uncertainty (0.20(7) eV),214 underlining its
strength in treating resonance states where both electron
correlation and orbital relaxation are essential.

5. CONCLUSION
We have presented an implementation of the CAP formalism
within the GW approximation, enabling the computation of
metastable electronic resonance states in a Green’s function
framework. Applied to a series of prototypical temporary
anions of small systems, this approach yields both resonance
positions and lifetimes through a fully complex, non-Hermitian
treatment.

Among the GW variants considered, the qsGW scheme
offers the most reliable performance. Across all studied
molecules, qsGW reproduces CAP-EOM-EA-CCSD resonance
positions within 0.11 eV and widths within 0.06 eV. The mean
absolute differences are only 0.07 eV for the position and 0.03
eV for the width. qsGW systematically overestimates the
resonance position relative to CAP-EOM-EA-CCSD, except
for CH2O, where it slightly underestimates it by only 0.007 eV.
No clear trend emerges for the widths.

In contrast, G0W0 and evGW consistently underestimate
resonance widths and predict larger optimal CAP strengths,
indicating stronger perturbative effects. These methods also
struggle to resolve shallow or less pronounced minima in the
CAP energy trajectories, limiting their robustness. Notably,
evGW, which includes eigenvalue self-consistency, offers a
modest improvement in resonance positions compared to
G0W0, but this trend does not extend to the lifetimes.

These findings highlight the importance of orbital relaxation,
which is fully accounted for only in qsGW. The close
agreement of qsGW with wave function benchmarks suggests
that a self-consistent treatment of both eigenvalues and orbitals
is critical for a robust description of metastable states.
Although all theoretical methods, including CAP-EOM-EA-
CCSD, tend to overestimate experimental resonance positions,
qsGW provides accuracy on par with high-level wave function
theory, delivering reliable estimates for both positions and
lifetimes. Thus, qsGW offers a promising and comparatively
cheap alternative for describing resonances in larger molecules,
where wave function-based methods would be too expensive.

This work opens several avenues for further development.
Incorporating first-order perturbative corrections to the CAP
energy may enhance reliability, as demonstrated in wave
function-based approaches.43 For G0W0 and evGW, exploring
alternative starting points, such as Kohn−Sham orbitals,218

could help mitigate current shortcomings. Furthermore, it
would be worthwhile to investigate various flavors of the
closely related GF2 (or second Born) methods,179,219−236

which circumvent solving the RPA eigenvalue problem by
employing an excitation energy and amplitude ansatz based on
quasiparticle energies and orbitals. Given their structural
similarity to the CAP-GW approach introduced in this work,
extending these methods with a CAP should be straightfor-
ward. This would also be closely related to the CAP-ADC
methods discussed in the introduction.64−66,84

Finally, the methodology presented here could be extended
to other metastable phenomena, such as core-ionization and
Auger-Meitner decay, where accurate lifetimes are particularly
important. In its standard version, the GW formalism is likely
not suited for describing Feshbach resonances, which involve
two-particle processes, as it is well-known that GW struggles to
accurately capture satellite transitions.85,237 Nevertheless, a
spin-flip extension of GW could in principle be devised to
model Feshbach resonances successfully, in analogy with the
Bethe−Salpeter equation formalism where such an approach
has been applied to access double excitations.238

It is also worth mentioning that fully self-consistent GW
(scGW) methods provide an appealing perspective in the
context of resonances.113,178,234,235,239,240 In scGW, both
orbital energies and eigenfunctions acquire a complex
character, and the Green’s function naturally incorporates the
imaginary broadening that, in G0W0, is usually mimicked by
the parameter κ. This feature indeed parallels the role of a
CAP. Moreover, since scGW explicitly accounts for orbital
relaxation, it may constitute a promising framework for the
description of resonances.

■ APPENDIX A

DIIS
For both the complex self-consistent HF and qsGW methods,
we employ the same DIIS protocol. The only difference
between the two is the effective Fock operator: for HF, this is
the CAP-augmented usual Fock operator in the atomic orbital
(AO) basis, F(η), while for qsGW it additionally includes the
self-energy in the AO basis, F(η) + Σc. For simplicity, we omit
the explicit η dependence in what follows.

At iteration m, we define the error vector e(m) as the
commutator of the current quantities

= · · · ·e F P S S P Fm( ) (A1)

where P is the one-electron density matrix in the AO basis,
which in the restricted formalism is given by

=P C C2
i

i i
(A2)

With these ingredients, the DIIS procedure can be applied to
accelerate convergence. DIIS minimizes the error by forming a
linear combination of n previous error vectors. We first
construct the auxiliary matrix

= · =e eE k l n( ) , , 1, ...,k l
k l

,
( ) T ( )

(A3)

where the transpose (rather than the complex conjugate) is
used to remain consistent with the c-product in complex
algebra.

The linear system of size (n + 1) to determine the DIIS
coefficients w is

Table 7. Optimal CAP Strengths, Resonance Positions, and
Widths of CO2

− Obtained Using Different Methodsa

method ηopt (a.u.) ER (eV) Γ (eV)

G0W0 0.01250 4.082 0.015
evGW 0.00960 4.016 0.037
qsGW 0.01235 4.055 0.174
CAP-EOM-EA-CCSD43 0.0074 4.020 0.119
experiment202,214−217 3.6−3.8 0.20 ± 0.07214

aThe GW results are from this work; other data are taken from the
cited references.
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where 1 denotes a column vector of ones, and λ is a Lagrange
multiplier enforcing the normalization condition == w 1k

n
i1 .

Solving this system yields the optimal coefficients for the linear
combination of previous iterations.

The extrapolated Fock matrix for the next iteration is
obtained from these coefficients as

=+

=
F Fwn

k

n

k
k( 1)

1

( )

(A5)

This procedure significantly enhances the convergence and
stability of self-consistent HF and qsGW calculations by
efficiently reducing the residual error at each iteration.

■ APPENDIX B

SRG Renormalization for Complex qsGW
We extended the SRG renormalization method157 for complex-
valued energies, which yields the following matrix elements of
the self-energy

[ ] =
+

+ + +

+
+

+ + +

+
+

+ + +

+
+ + +

N

N

N

N

( )

( )

i
( )

i
( )

pq
i

pi qi pqi

pi qi pi qi

a

pa qa pqa

pa qa pa qa

i

pi qi pqi

pi qi pi qi

a

pa qa pqa

pa qa pa qa

c 2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2
(B1)

with the real and imaginary parts of the denominator in eq 17

= { [ ] }Re sgn Re( )pq p q q (B2a)

= + { [ ] }Im sgn Re( ) ( )pq q p q (B2b)

(where μ is the chemical potential) and the renormalized
elements

= [ ]+ + +N M M e1pqr pr qr
s

, ,
( )pr qr pr qr

2 2 2 2

(B3)

The exponential term in the renormalized density ensures
that the numerator tends faster to zero when both the real and
imaginary parts of the denominator tend to zero.
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